
Quantitative Genomics and 
Genetics 

BTRY 4830/6830; PBSB.5201.03

Jason Mezey
March 2, 2023 (Th) 8:05-9:20

Lecture 11: Introduction to Genetic 
Modeling



• Office hours this week will be TOMORROW (Fri, March 3) - 
zoom information will be set today

• Homework corrections (=I will post a correction!):

• For instructions question 2 parts [f-j] in the “PLEASE 
NOTE THE FOLLOWING” section the equation:       
should be                                  (!!)  

• 2g “under the null hypothesis in part [a]” - part [a] should 
be part [f]!

• Homework hint (!!) for (part of) 2f:

Announcements
that you will be generating samples of size n and that for each sample, the test statistic you will
be calculating will be the mean of the sample. For parts [f] and [h] (and equivalent parts of [j])
you are being asked to provide answers based on the distribution of the test statistic (the mean)
for the null hypothesis OR for the true distribution of the test statistic (the mean) for the exper-
iment, where the R functions ‘qnorm()’ and ‘pnorm()’ can be used in the calculation of the answers.

PLEASE NOTE THE FOLLOWING: (1) For iid sample of size n where each random variable
is normally distributed with parameters µ and �

2, the mean of this sample X̄ =
Pn

i=1Xi is ALSO
normally distributed with parameters µ and �

2
/n (i.e., if the statistic is the mean, the sampling dis-

tribution of the mean is normal with the same µ as the original random variable and �
2 parameter

equal to the original random variable �
2 DIVIDED by n - so in symbolic terms: X̄ ⇠ N(µ,�2

/n)!!
(2) For parts [g] and [i] (and equivalent parts of [j]) you are being asked to simulate k = 1000 sam-
ples of size n (i.e., 1000 separate samples) under the null hypothesis OR under the true distribution
for the experiment and for each of the k samples, you are asked to calculate the mean statistic,
where the function ‘rnorm()’ can be used to generate the samples.

f. Consider H0 : µ = 0 where you know the true �
2 = 1 for the purposes of this question

(remember, not realistic!). Consider a sample size n = 20 and the mean of the sample as the
test statistic. What is the critical threshold for this statistic for a Type I error = ↵ = 0.05
when considering a one-sided test where if H0 is wrong, the correct answer is in the positive
direction (i.e., HA > 0)? What are the two values of the critical threshold for this statistic
for a Type I error = ↵ = 0.05 when considering a two-sided test (i.e., HA 6= 0)? HINT: use
the function ?qnorm()?.

g. Simulate k = 1000 samples under the null hypothesis in part [a], calculate the mean for each
sample, and plot a histogram of the means. NOTE: you do not need to output the samples or
the means (!!), just the histogram (and provide your code). btw, no answer required, but take
a look at how many of your sample statistics are beyond the critical thresholds you calculated
in part [f]...

h. Consider the true distribution of the experiment µ = 0.5,�2 = 1 for the purposes of this
question (again, not realistic!). Consider a sample size n = 20 and the mean of the sample
as the test statistic. What is the power of this test for the null hypothesis in part [f] with a
Type I error = ↵ = 0.05 a one-sided test where if H0 is wrong, the correct answer is in the
positive direction (i.e., HA > 0)? What is the power of this test for the null hypothesis in
part [f] with a Type I error = ↵ = 0.05 when considering a two-sided test (i.e., HA 6= 0)?
HINT: use the function ‘pnorm()’ and your critical thresholds from part [f].

i. Simulate k = 1000 samples under the true distribution (as used in part [h]), calculate the
mean for each sample, and plot a histogram of the means. NOTE: you do not need to
output the samples or the means (!!), just the histogram (and provide your code). btw, no
answer required, but take a look at how many of your sample statistics are beyond the critical
thresholds you calculated in part [f] and see how this compares to the power you calculated
in part [h]...

j. Repeat parts [f-i] but consider n = 100.
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LRT statistic for each of the 1000 samples of size n (i.e., a di↵erent statistic!) where each of the k

samples is generated under the null hypothesis or the true distribution.

a. Consider H0 : µ = 0 where you know the true �
2 = 1 for the purposes of this question

(remember, not realistic!). Consider a sample size n = 20 and the mean of the sample as the
test statistic. What is the critical threshold for this statistic for a Type I error = ↵ = 0.05
when considering HA > 0? What are the two values of the critical threshold for this statistic
for a Type I error = ↵ = 0.05 when considering HA 6= 0? HINT: use the function ‘qnorm()’.
EXTRA HINT: code to answer forHA > 0: ‘qnorm(0.95, 0, 1 / sqrt(20), lower.tail = TRUE)’.

b. Simulate k = 1000 samples under the null hypothesis in part [a], calculate the mean for each
sample, and plot a histogram of the means. NOTE: you do not need to output the samples or
the means (!!), just the histogram (and provide your code). btw, no answer required, but take
a look at how many of your sample statistics are beyond the critical thresholds you calculated
in part [a]...

c. Consider the true distribution of the experiment µ = 0.5,�2 = 1 for the purposes of this
question (again, not realistic!). Consider a sample size n = 20 and the mean of the sample
as the test statistic. What is the power of this test for the null hypothesis in part [a] with a
Type I error = ↵ = 0.05 when considering HA > 0? What is the power of this test for the
null hypothesis in part [a] with a Type I error = ↵ = 0.05 when considering HA 6= 0? HINT:
use the function ‘pnorm()’ and your critical thresholds from part [a].

d. Simulate k = 1000 samples under the true distribution (as used in part [c]), calculate the
mean for each sample, and plot a histogram of the means. NOTE: you do not need to
output the samples or the means (!!), just the histogram (and provide your code). btw, no
answer required, but take a look at how many of your sample statistics are beyond the critical
thresholds you calculated in part [a] and see how this compares to the power you calculated
in part [c]...

e. Repeat part [a] but consider n = 100.

f. Repeat part [b] but consider n = 100.

g. Repeat part [c] but consider n = 100.

h. Repeat part [d] but consider n = 100.

i. PART i IS OPTIONAL (!!) = everyone gets full credit for Part i (but please try it if you want!)

For the samples you generated in parts [b] and [f] calculate the LRT = �2lnL(µ̂0|x)
L(µ̂1|x) statistic

for µ̂1 2 (�1,1) and plot a histogram of these statistics i.e., in the LRT formula for each
sample generator under the null in part [b] or part [f], in the numerator, substitute µ̂ = 0 and
MLE(�̂2) for the sample in the appropriate places in the likelihood - and in the denominator,
substitute MLE(µ) for the sample and MLE(�̂2) for the sample (in the appropriate places).
NOTE: you do not need to output the samples or each LRT (!!), just the two histograms (and
provide your code). btw, no answer required, but see if you can figure out what distribution
these histograms look like and consider whether these are di↵erent (and see if you can figure
out why?).
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Summary of lecture 11: Introduction 
to Hypothesis Testing

• Last lecture, we almost completed our (general) discussion of 
hypothesis testing (!!)

• Today, we will complete the discussion of hypothesis testing 
and begin discussing genetic modeling!
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Experiment
(Sample Space) (Sigma Algebra)

⌦ (7)

F (8)

; 2 F (9)

This A 2 F then Ac 2 F

A1,A2, ... 2 F then
S1

i=1Ai 2 F

;, {H}, {T}, {H,T} (10)

F (11)

X (12)

X(S) (13)

Pr(F) (14)

X = x (15)

Pr(X) (16)

X = x , Pr(X)

5 Probability Functions

To use sample spaces in probability, we need a way to map these sets to the real numbers.
To do this, we define a function. Before we consider the specifics of how we define a prob-
ability function or measure, let’s consider the intuitive definition of a function:

Function (intuitive def.) ⌘ a mathematical operator that takes an input and produces an
output.

This concept is often introduced to us as Y = f(X) where f() is the function that maps
the values taken by X to Y . For example, we can have the function Y = X

2 (see figure
from class).

We are going to define a probability function which map sample spaces to the real line
(to numbers):

Pr(F) : F ! [0, 1] (17)

where Pr(S) is a function, which we could have written f(S).
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V(X1|X2) =

max(X1)X

i=min(X1)

((X1 = i)� EX1)
2
Pr(Xi = i|X2) (205)

V(X1|X2) =

Z +1

�1
(X1 � EX1)

2
fX1|X2

(x1|x2)dx1 (206)

Cov(X1, X2) =

max(X1)X

i=min(X1)

max(X2)X

j=min(X2)

((X1 = i)�EX1)((X2 = j)�EX2)PX1,X2(x1, x2) (207)

Cov(X1, X2) =

Z +1

�1

Z +1

�1
(X1 � EX1)(X2 � EX2)fX1,X2(x1, x2)dx1dx2 (208)

FX1,X2(x1, x2) =

Z
x1

�1

Z
x2

�1
fX1,X2(x1, x2)dx1dx2 (209)

f(X(⌦), P r(X) : {X, P r(X)} ! R (210)

X(⌦) : ⌦ ! R

Pr(⌦) ! Pr(X)
⌦ind = ⌦1 ⇥ ⌦2 ⇥ ...⇥ ⌦n

X(!),! 2 ⌦

x = [x1, x2, ..., xn]

Pr([X1, X2, ..., Xn])

T (x) = T ([x1, x2, ..., xn]) = t

Pr(T (X))
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Statistic: Statistic Sampling 
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5 Probability Functions

To use sample spaces in probability, we need a way to map these sets to the real numbers.
To do this, we define a function. Before we consider the specifics of how we define a prob-
ability function or measure, let’s consider the intuitive definition of a function:

Function (intuitive def.) ⌘ a mathematical operator that takes an input and produces an
output.

This concept is often introduced to us as Y = f(X) where f() is the function that maps
the values taken by X to Y . For example, we can have the function Y = X

2 (see figure
from class).

We are going to define a probability function which map sample spaces to the real line
(to numbers):

Pr(F) : F ! [0, 1] (17)

where Pr(S) is a function, which we could have written f(S).
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the values taken by X to Y . For example, we can have the function Y = X2 (see figure
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Hypothesis Tests
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X : X(H) = 0, X(T ) = 1

X : ⌦ ! R

X1 : ⌦ ! R

X2 : ⌦ ! R

Pr(F) ! Pr(X)

Pr(✓̂)

Pr(T (X)|H0 : ✓ = c)

H0 : ✓ = c
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• Parameter - a constant(s)     which indexes a probability model 
belonging to a family of models      such that  

• Each value of the parameter (or combination of values if there is more 
than on parameter) defines a different probability model: Pr(X)

• We assume one such parameter value(s) is the true model

• The advantage of this approach is this has reduced the problem of using 
results of experiments to answer a broad question to the problem of 
using a sample to make an educated guess at the value of the 
parameter(s)

• Remember that the foundation of such an approach is still an assumption 
about the properties of the sample outcomes, the experiment, and the 
system of interest (!!!) 

BTRY 4830/6830: Quantitative Genomics and Genetics
Spring 2011

Lecture 5: Probability Models, Inference, Samples, Statistics, and Estimators

Lecture: February 14; Version 1: February 20; Version 2, March 15

1 Introduction

Last lecture, we discussed some fundamental functions of random variables/vectors and
their probability distributions, the interpretation of which does not depend on the specific
probability model under consideration: expectations (means), variances, covariances (cor-
relations). Today we will discuss some specific probability models that will be particularly
useful to us in our study of quantitative genomics. After introducing these models, we will
introduce inference and discuss the first critical concepts for making inferences: samples,
statistics, and their sampling distributions. We will then begin our discussion of estimation
(a particular class of inference), where we will make use of samples to determine the value
of the parameter of the underlying probability model that is responsible for our sample,
which we will use to (indirectly) make statements about the system we are studying.

2 Probability models

We have now discussed that by defining a probability function Pr(S) and a random variable
X(S) on a sample space S, we define a probability distribution for the random variable
Pr(X), and we can use expectations, variances, and covariance, to characterize aspects
of the probability distribution regardless of the specific form of the distribution. While
choosing a specific probability model (a specific probability distribution) is in theory only
restricted according to the axioms of probability, we in general make use of probability mod-
els that are both intuitive and allow for mathematical conveniences. One such convenience
is the ability to (mathematically) simply define a large number of possible probability mod-
els with a compact equation. For the models we will consider, the way this is done is by
making our probability distributions functions of parameters:

Parameter � a constant which indexes a probability model belonging to a family of
models � such that � ⇥ �.
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introduce inference and discuss the first critical concepts for making inferences: samples,
statistics, and their sampling distributions. We will then begin our discussion of estimation
(a particular class of inference), where we will make use of samples to determine the value
of the parameter of the underlying probability model that is responsible for our sample,
which we will use to (indirectly) make statements about the system we are studying.

2 Probability models

We have now discussed that by defining a probability function Pr(S) and a random variable
X(S) on a sample space S, we define a probability distribution for the random variable
Pr(X), and we can use expectations, variances, and covariance, to characterize aspects
of the probability distribution regardless of the specific form of the distribution. While
choosing a specific probability model (a specific probability distribution) is in theory only
restricted according to the axioms of probability, we in general make use of probability mod-
els that are both intuitive and allow for mathematical conveniences. One such convenience
is the ability to (mathematically) simply define a large number of possible probability mod-
els with a compact equation. For the models we will consider, the way this is done is by
making our probability distributions functions of parameters:

Parameter � a constant which indexes a probability model belonging to a family of
models � such that � ⇥ �.
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Review: Inference

• Inference - the process of reaching a conclusion about the true 
probability distribution (from an assumed family probability 
distributions, indexed by the value of parameter(s) ) on the basis of a 
sample

• There are two major types of inference we will consider in this 
course: estimation and hypothesis testing

• Before we get to these specific forms of inference, we need to 
formally define: experimental trials, samples, sample probability 
distributions (or sampling distributions), statistics, statistic probability 
distributions (or statistic sampling distributions) 



Review: Samples
• Sample - repeated observations of a random variable X, generated by 

experimental trials

• We already have the formalism to do this and represent a sample of size n, 
specifically this is a random vector:

• As an example, for our two coin flip experiment / number of tails r.v., we 
could perform n=2 experimental trials, which would produce a sample = 
random vector with two elements

• Note that since we have defined (or more accurately induced!) a probability 
distribution Pr(X) on our random variable, this means we have induced a 
probability distribution on the sample (!!):

There are two major ‘types’ of inference: estimation and hypothesis testing. Both are
essential in quantitative genomics (the latter will often be our goal but the former is re-
quired for the latter). We will discuss these in general terms in the next two lectures and in
specific terms throughout the semester. Also, note that one of the nice aspects of assuming
that the probability model of our random variable is from a family indexed in a parameter
set �, the problem of inference is reduced to the problem of learning something about the
specific parameter value of our model �. However, before we get to concepts of inference
concerning �, we need to define several fundamental concepts: samples, statistics, and their
sampling distributions.

4 Samples and i.i.d.

Recall that the starting point of our discussion is a system we want to know something
about, and an experiment that produces a sample space S. We then define a probabil-
ity function and a random variable on S, which define a specific probability distribution
Pr(X = x), where by definition, we have defined a specific probability model (by making
assumptions) indexed by �. In general, we would like to know something about the pa-
rameter of our probability model �, which is defined by the system and experiment (and
by extrapolation from our many assumptions, can be used to learn about the system),
but is unknown to us. Inference is the process of determining something about the true
parameter value, and for this we need a sample.

Sample � repeated observations of a random variable X, generated by experiments.

The ideal set of experiments would have an infinite number of observations, but since
such cases are not possible, we will consider a sample of size n. Now, we have already seen
how to represent a sample, this is simply a random vector:

[X = x] = [X1 = x1, ..., Xn = xn] (7)

where unlike the random vectors we have considered before, each of the n random variables
have the same structure, they are simply indicate di⇥erent observations of the random
variable in our sample, e.g. for n = 2 in our coin flip example(s), we do not define X1=‘#
of Tails’ and X2=‘# of Heads’ but rather X1=‘# of Tails’ of the first flip (or pair of flips)
in an experiment and X2=‘# of Tails’ in the second flip (or pair of flips) in the same
experiment. Now, as we have discussed, defining a probability function on the sample
space Pr(S) induces a probability distribution of a random variable defined on the same
sample space Pr(X) and since our random vector is considering multiple realizations of
this random variable, the Pr(X) induces a probability distribution on our sample vector,
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Y |experimentA
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6=
A1 ! A2 ) �Y |Z

H0 : Pr(Y |X) = Pr(Y )

HA : Pr(Y |X) 6= Pr(Y )

X = x

Pr(X)

V ar(X) = (0� 1)2(0.25) + (1� 1)2(0.5) + (2� 1)2(0.25) = 0.5

f(X(⌦), P r(X)) : {X, P r(X)} ! R

Cov(X1, X2) =

i=max(X1)X

i=min(X1)

j=max(X2)X

j=min(X2)

((X1 = i)� EX1)((X2 = j)� EX2)PX1,X2(x1, x2) (1)

[X1 = x1, ..., Xn = xn] (2)

Pr([X1 = x1, ..., Xn = xn]) (3)

T (X) (4)

T (x) (5)

Pr(T (x)) (6)

EY = a+ bEX

Var(Y ) = b
2Var(X)

Pr(X1 = x1) = Pr(X2 = x2) = ... = Pr(Xn = xn) (7)

Pr(X = x) = Pr(X1 = x1, X2 = x2, ..., Xn = xn) = PX(x) or fX(x)
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• It is important to keep in mind, that while we have made assumptions such that we 
can define the joint probability distribution of (all) possible samples that could be 
generated from n experimental trials, in practice we only observe one set of trials, 
i.e. one sample

• For example, for our one coin flip experiment / number of tails r.v., we could 
produce a sample of n = 10 experimental trials, which might look like:

• As another example, for our measure heights / identity r.v., we could produce a 
sample of n=10 experimental trails, which might look like:

• In each of these cases, we would like to use these samples to perform inference 
(i.e. say something about our parameter of the assumed probability model)

• Using the entire sample is unwieldy, so we do this by defining a statistic

i.e. a sample random vector X has a (joint) probability distribution:

Pr(X = x) = PX(x) or fX(x) = Pr(X1 = x1, X2 = x2, ..., Xn = xn) (8)

where each of the Xi have the same distribution as we have defined for X. Since we know
they all have the same distribution, we know that:

Pr(X1 = x1) = Pr(X2 = x2) = ... = Pr(Xn = xn) (9)

and we therefore say that the sample is identically distributed. Ideally, it is also the case
that each of these Xi are independent of the rest. When this is the case, this makes much
of the mathematical framework we use to do inference easier, so we often try to construct
experiments, which produce such independence. When this is the case, we have:

Pr(X = x) = Pr(X1 = x1)Pr(X2 = x2)...P r(Xn = xn) (10)

which follows from the definition of independence. Ideally therefore, our sample is inde-
pendent and identically distributed, which we abbreviate as i.i.d. (or iid). We will largely
consider iid samples for this entire course.

Again, note that just as a probability function Pr(S) induces a probability distribution
on a random variable X, this same probability distribution will induce a joint probability
distribution on the random vector Pr(X = x). This is e�ectively the probability distribu-
tion describing all possible sample outcomes that could occur for a sample of size n, i.e. a
random vector where the marginal probability distributions have the same distribution as
X and there is no covariance among the Xi (note that by assuming iid, we are providing
additional limits on the possible probability distributions that could describe our possible
samples).

To perform inference in the real world, we generally only have a single set of experiment
and therefore a single sample (or at least a limited number of samples). We are therefore
going to consider inference for a specific realization of a sample of size n. For example, for
a set of n = 10 Bernoulli samples this could be something like:

x = [1, 1, 0, 1, 0, 0, 0, 1, 1, 0] (11)

and for a normally distributed random variable this could be:

x = [�2.3, 0.5, 3.7, 1.2,�2.1, 1.5,�0.2,�0.8,�1.3,�0.1] (12)

where for the latter, keep in mind the values are constrained by our precision of mea-
surement and we will approximate them by a continuous random variable and associated
sample that we assume are normally distributed, which defines the probability that ob-
servations of this random variable fall in a particular interval (see lecture 3). To actually
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Review: Statistics

• As an example, consider our height experiment (reals as 
approximate sample space) / normal probability model (with 
true but unknown parameters                    / identity random 
variable  

• If we calculate the following statistic:

what is                  ?

• Are the distributions of Xi = xi and                  always the same?

consider the latter two extensively in this course, they are critical to the foundation of
‘population genetics’, the subject that considers the statistical and probabilistic modeling
of how genes evolve in populations. Population genetics is a very relevant course for quan-
titative genomics (and other genomic disciplines), so I encourage you to take a theoretical
course on the subject.

Let’s now consider some probability models for continuous random variables. The model
we will make the most direct use of in this course is one that we have introduced previously,
the normal distribution (also called the Gaussian):

Pr(X = x|µ,�
2) = fX(x|µ,�

2) =
1p

2⇡�2
e
� (x�µ)2

2�2 (5)

This model therefore has two parameters (µ,�
2) such that ✓ is actually a parameter vec-

tor ✓ =
⇥
µ,�

2
⇤
. The parameter µ intuitively sits in the ‘middle’ or at the ‘center of

gravity’ of this distribution (see class notes for a picture) and has the following possible
values: ⇥ = (�1,1). The �

2 parameter intuitively captures the ‘spread’ of the distri-
bution, i.e. the larger the value the greater the spread, and takes the following possible
values ⇥ = [0,1). As we have seen previously, our shorthand for a normal distribution is
X ⇠ N(µ,�

2).

Other continuous distributions that we will run into during this course are the Uniform,
chi squared, t-type, F-type, Gamma, and Beta. The former we will discuss in the context
of the distribution of p-values, the middle three will come up in our discussion of sampling
distributions of statistics, and we will discuss the last two during our lectures on Bayesian
statistics.

One final point to note. While we have considered parameterized statistical models for
individual ‘univariate’ random variables, there are analogous forms of all of these distribu-
tions for random vectors with multiple elements, which are ‘multivariate’ random variables
(although the multivariate forms have additional parameters). We will consider some mul-
tivariate forms of these distributions in this class, e.g. the multivariate Normal distribution.

3 Introduction to inference

A major goal of the field of statistics is inference:

Inference ⌘ the process of reaching conclusions concerning an assumed probability dis-
tribution (specifically the parameter(s) ✓) on the basis of a sample.

There are two major ‘types’ of inference: estimation and hypothesis testing. Both are
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perform inference, it is not particularly easy to use the entire sample as is, i.e. in the form
of a vector. We therefore usually define a statistic:

Statistic � a function on a sample.

If we define this statistic as T , it has the following structure:

T (x) = T (x1, x2, ..., xn) = t (13)

where t can be a single number or a vector. For example, let’s define a statistic which takes
a sample and returns the mean of the sample:

T (x) =
1

n

n�

i=1

xi (14)

So for the sample in equation (9) this statistic would be T (x) = 0.5 and for equation (10),
it would be T (x) = 0.01 A statistic on a specific realization of a sample is what we use for
inference, as we will see with the next two lectures.

Let’s consider one last important concept. It is also critical to realize that, just as the
probability function on the sample space Pr(S) induces a probability distribution on the
random variable defined on the sample space Pr(X), which in turn induces a probability
distribution of i.i.d sample vector Pr(X = x), since a statistic is a function on the sample,
the probability distribution of the sample induces a probability distribution on the possible
values the statistic could take Pr(T (X)), i.e. the probability distribution of the statistic
when considering all possible samples. We call this a sampling distribution of the statistic
and as we will see, this also plays an important role in inference.

5 Estimators

Recall that we are interested in knowing about a system and to do this, we conduct an
experiment, which we use to define sample space. We define a probability function and a
random variable X on this sample space, where we assume a specific form for the proba-
bility function, which defines a probability distribution on our random variable. We write
this Pr(X) or Pr(X = x), where the large ‘X’ indicates a random variable that can take
di�erent values, and the little ‘x’ represents a specific value that the random vector takes
(which at the moment we have not assigned). We assume that the probability distribution
of the random variable X has a specific form and is in a ‘family’ of probability distribu-
tions that are indexed by parameter(s) �, e.g. X ⇥ N(µ,⇤2), which we write Pr(X|�) or
Pr(X = x|�). While we have assumed the specific form of the distribution (e.g. a ‘normal’)
we do not know the specific values of the parameters. Our goal is to perform inference to
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⌦ (7)

F (8)

; 2 F (9)

This A 2 F then Ac 2 F

A1,A2, ... 2 F then
S1

i=1Ai 2 F

;, {H}, {T}, {H,T} (10)

F (11)

X (12)

X(S) (13)

Pr(F) (14)

X = x (15)

Pr(X) (16)

X = x , Pr(X)

5 Probability Functions

To use sample spaces in probability, we need a way to map these sets to the real numbers.
To do this, we define a function. Before we consider the specifics of how we define a prob-
ability function or measure, let’s consider the intuitive definition of a function:

Function (intuitive def.) ⌘ a mathematical operator that takes an input and produces an
output.

This concept is often introduced to us as Y = f(X) where f() is the function that maps
the values taken by X to Y . For example, we can have the function Y = X

2 (see figure
from class).

We are going to define a probability function which map sample spaces to the real line
(to numbers):

Pr(F) : F ! [0, 1] (17)

where Pr(S) is a function, which we could have written f(S).
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5 Probability Functions

To use sample spaces in probability, we need a way to map these sets to the real numbers.
To do this, we define a function. Before we consider the specifics of how we define a prob-
ability function or measure, let’s consider the intuitive definition of a function:

Function (intuitive def.) � a mathematical operator that takes an input and produces an
output.

This concept is often introduced to us as Y = f(X) where f() is the function that maps
the values taken by X to Y . For example, we can have the function Y = X2 (see figure
from class).
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V(X1|X2) =

max(X1)X

i=min(X1)

((X1 = i)� EX1)
2
Pr(Xi = i|X2) (205)

V(X1|X2) =

Z +1

�1
(X1 � EX1)

2
fX1|X2

(x1|x2)dx1 (206)

Cov(X1, X2) =

max(X1)X

i=min(X1)

max(X2)X

j=min(X2)

((X1 = i)�EX1)((X2 = j)�EX2)PX1,X2(x1, x2) (207)

Cov(X1, X2) =

Z +1

�1

Z +1

�1
(X1 � EX1)(X2 � EX2)fX1,X2(x1, x2)dx1dx2 (208)

FX1,X2(x1, x2) =

Z
x1

�1

Z
x2

�1
fX1,X2(x1, x2)dx1dx2 (209)

f(X(⌦), P r(X) : {X, P r(X)} ! R (210)

X(⌦) : ⌦ ! R

Pr(⌦) ! Pr(X)
⌦ind = ⌦1 ⇥ ⌦2 ⇥ ...⇥ ⌦n

X(!),! 2 ⌦

x = [x1, x2, ..., xn]

Pr([X1, X2, ..., Xn])

T (x) = T ([x1, x2, ..., xn]) = t

Pr(T (X))
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Review: Hypothesis testing

• To build this framework, we need to start with a definition of 
hypothesis

• Hypothesis - an assumption about a parameter

• More specifically, we are going to start our discussion with a null 
hypothesis, which states that a parameter takes a specific value, i.e. a 
constant

• For example, for our height experiment / identity random variable, 
we have                                and we could consider the following 
null hypothesis:

our statistic such that it is an estimate of the parameter �. We write a parameter estimate
as �̂, and since our statistic T is an estimator, we write T (x) = �̂ or T (X = x) = �̂. Note
that since our sample has a probability distribution (a sampling distribution), our statistic
= estimator has a probability distribution Pr(T (X = x)) = Pr(�̂). Our goal when defining
our estimator is to make this probability distribution such that estimate has a reasonable
probability of getting the right parameter value or ‘close to’ the right parameter value for
most samples.

Today, we are going to consider situations where, instead of wanting to know the ac-
tual value of a parameter, we want to be able to answer a ‘yes’ or ‘no’ question about the
parameter. For example, we may be interested in whether a drug administered to a child
has an e�ect on adult height. In such a case, we are less interested on the exact e�ect of
the drug (which we might summarize with the parameter µ) but rather whether we can
say with confidence that the hypothesis that the drug has no e�ect on height is wrong. We
could use the answer to the question (is there no e�ect of the drug?) to make decisions
about how the drug will be administered or regulated. This is what we want to accomplish
in the other major ‘type’ of inference, which is hypothesis testing. Note that hypothesis
testing is a fair bit more complicated (and arguably less intuitive) than estimation. Even
if you have been exposed to the hypothesis testing framework before, it often takes several
exposures to develop a deep understanding.

We will begin our discussion of hypothesis testing by defining some of the critical con-
cepts and providing some simple examples that should help with intuition. As per the
name, we first need to define a hypothesis:

Hypothesis � an assumption about a parameter.

More specifically, we will assume that we have defined Pr(X|�) for our system and we
will now define a null hypothesis, which states that are parameter � takes a specific value
(a constant) or is an interval of values (for the moment, we will consider � to take a single
value). We use the following formalism to write our null hypothesis (H0):

H0 : � = c (1)

where c is a constant. For example, lets assume Pr(X|�) ⇥ N(µ,⇥2), where in this case we
happen to know ⇥2 = 1. We can define the null hypothesis H0 : µ = 0 in this case and we
are interested in whether we can say with confidence that our null hypothesis is ‘incorrect’
or ‘false’.

Just as with estimation, we will assess this null hypothesis using a sample Pr(X = x) =
Pr(X1 = x1, ..., Xn = xn) , which we will assume is i.i.d. Again, just as with estimation,
we assume that multiple observations of the sample have more information about µ than
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Review: p-value

• We quantify our intuition as to whether we would have observed 
the value of our statistics given the null is true with a p-value

• p-value - the probability of obtaining a value of a statistic T(x), or 
more extreme, conditional on H0 being true

• Formally, we can express this as follows:

• Note that a p-value is a function on a statistic (!!) that takes the 
value of a statistic as input and produces a p-value as output in the 
range [0, 1]:

each individually, and to use this information e�ectively we define a statistic T (X = x).
Now, since we have defined (assumed) the family of probability distributions that are ran-
dom variable follows, we know the sampling distribution of our statistic assuming our null
hypothesis is correct Pr(T (X = x|� = c)). We are going to use this information to as-
sess the results that we get for an actual value of our statistic (from an actual sample)
T (x) = T (x1, x2, ..., xn) to determine whether we think H0 is wrong.

Note that just as we choose statistics (functions on our sample) that will have good prop-
erties for estimation, we also choose statistics which have good properties for hypothesis
testing. A reasonable statistic that we could use in this case is the mean of the sample
T (x) =

�n
i=1 xi. To introduce the major concepts of hypothesis testing, let’s consider an

example that we would generally never deal with in a real statistical application: a case
where our sample size is n = 1. In this case, our sample is X1 = x1, and our statistic
is T (x) =

�n
i xi = x1 (i.e. the value of our one sample), and the sampling distribution

is x1 ⇠ N(µ, 1) (i.e. the same probability distribution as our random variable - see class
for a diagram). If our H0 is correct, there would be a greater probability of our single
sample observation being in an interval around zero. What if our sample is quite far from
zero, say x1 = 2.5? We could take this as evidence that H0 is incorrect. Note that we
can never be sure that H0 is incorrect, no matter how far from zero our observation is,
because there is always the possibility that such an outcome could have occurred by chance.

To make the concept of ‘evidence against H0’ more rigorous, we will need the concept
of a p-value:

p-value ⌘ the probability of obtaining a value of T (x), or more extreme, conditional
on H0 being true.

The ‘more extreme’ part of this definition is a bit confusing at first glance, so let’s
consider our example to make this more clear. For our example, let’s assume that we
are interested in whether the value of T (x1) are more extreme in the positive direc-
tion (see class for a diagram). In this case, our p-value has the following definition:
pval = Pr(T (X1) � x1|H0 : µ = 0, true), where x1 reflects the various values our sample
could take (i.e. �1 < x1 < 1). Note that for our example, fX(x) ⇠ N(0, 1) where for
this particular case:

pval(T (x)) =

⇥ 1

x1

fX(x)dx (2)

pval(T (x)) : T (x) ! [0, 1] (3)

(see diagram on board for an example). Also, note in this particular case:

pval(T (x)) =

⇥ 1

x1

fX(x)dx = 1� FX(x) = 1�
⇥ x1

�1
fX(x)dx (4)
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we assume that multiple observations of the sample have more information about µ than
each individually, and to use this information e�ectively we define a statistic T (X = x).
Now, since we have defined (assumed) the family of probability distributions that are ran-
dom variable follows, we know the sampling distribution of our statistic assuming our null
hypothesis is correct Pr(T (X = x|� = c)). We are going to use this information to as-
sess the results that we get for an actual value of our statistic (from an actual sample)
T (x) = T (x1, x2, ..., xn) to determine whether we think H0 is wrong.

Note that just as we choose statistics (functions on our sample) that will have good prop-
erties for estimation, we also choose statistics which have good properties for hypothesis
testing. A reasonable statistic that we could use in this case is the mean of the sample
T (x) =

�n
i=1 xi. To introduce the major concepts of hypothesis testing, let’s consider an

example that we would generally never deal with in a real statistical application: a case
where our sample size is n = 1. In this case, our sample is X1 = x1, and our statistic
is T (x) =

�n
i xi = x1 (i.e. the value of our one sample), and the sampling distribution

is x1 ⇤ N(µ, 1) (i.e. the same probability distribution as our random variable - see class
for a diagram). If our H0 is correct, there would be a greater probability of our single
sample observation being in an interval around zero. What if our sample is quite far from
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Review: p-value II
• More technically a p-value is determined not just by the probability of the 

statistic given the null hypothesis is true, but also whether we are 
considering a “one-sided” or “two-sided” test

• For a one-sided test (towards positive values), the p-value is:

• For a two-sided test, the p-value is:
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Review: Hypothesis Testing
• To build a framework to answer a question about a parameter, we need to 

start with a definition of hypothesis

• Hypothesis - an assumption about a parameter

• More specifically, we are going to start our discussion with a null hypothesis, 
which states that a parameter takes a specific value, i.e. a constant

• Once we have assumed a null hypothesis, we know the probability 
distribution of the statistic, assuming the null hypothesis is true:

• p-value - the probability of obtaining a value of a statistic T(x), or more 
extreme, conditional on H0 being true:

• Note that a p-value is a function of a statistic (!!)

our statistic such that it is an estimate of the parameter �. We write a parameter estimate
as �̂, and since our statistic T is an estimator, we write T (x) = �̂ or T (X = x) = �̂. Note
that since our sample has a probability distribution (a sampling distribution), our statistic
= estimator has a probability distribution Pr(T (X = x)) = Pr(�̂). Our goal when defining
our estimator is to make this probability distribution such that estimate has a reasonable
probability of getting the right parameter value or ‘close to’ the right parameter value for
most samples.

Today, we are going to consider situations where, instead of wanting to know the ac-
tual value of a parameter, we want to be able to answer a ‘yes’ or ‘no’ question about the
parameter. For example, we may be interested in whether a drug administered to a child
has an e�ect on adult height. In such a case, we are less interested on the exact e�ect of
the drug (which we might summarize with the parameter µ) but rather whether we can
say with confidence that the hypothesis that the drug has no e�ect on height is wrong. We
could use the answer to the question (is there no e�ect of the drug?) to make decisions
about how the drug will be administered or regulated. This is what we want to accomplish
in the other major ‘type’ of inference, which is hypothesis testing. Note that hypothesis
testing is a fair bit more complicated (and arguably less intuitive) than estimation. Even
if you have been exposed to the hypothesis testing framework before, it often takes several
exposures to develop a deep understanding.

We will begin our discussion of hypothesis testing by defining some of the critical con-
cepts and providing some simple examples that should help with intuition. As per the
name, we first need to define a hypothesis:

Hypothesis � an assumption about a parameter.

More specifically, we will assume that we have defined Pr(X|�) for our system and we
will now define a null hypothesis, which states that are parameter � takes a specific value
(a constant) or is an interval of values (for the moment, we will consider � to take a single
value). We use the following formalism to write our null hypothesis (H0):

H0 : � = c (1)

where c is a constant. For example, lets assume Pr(X|�) ⇥ N(µ,⇥2), where in this case we
happen to know ⇥2 = 1. We can define the null hypothesis H0 : µ = 0 in this case and we
are interested in whether we can say with confidence that our null hypothesis is ‘incorrect’
or ‘false’.

Just as with estimation, we will assess this null hypothesis using a sample Pr(X = x) =
Pr(X1 = x1, ..., Xn = xn) , which we will assume is i.i.d. Again, just as with estimation,
we assume that multiple observations of the sample have more information about µ than
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Pr(X1 = x1, ..., Xn = xn) , which we will assume is i.i.d. Again, just as with estimation,
we assume that multiple observations of the sample have more information about µ than
each individually, and to use this information e�ectively we define a statistic T (X = x).
Now, since we have defined (assumed) the family of probability distributions that are ran-
dom variable follows, we know the sampling distribution of our statistic assuming our null
hypothesis is correct Pr(T (X = x|� = c)). We are going to use this information to as-
sess the results that we get for an actual value of our statistic (from an actual sample)
T (x) = T (x1, x2, ..., xn) to determine whether we think H0 is wrong.

Note that just as we choose statistics (functions on our sample) that will have good prop-
erties for estimation, we also choose statistics which have good properties for hypothesis
testing. A reasonable statistic that we could use in this case is the mean of the sample
T (x) =

�n
i=1 xi. To introduce the major concepts of hypothesis testing, let’s consider an

example that we would generally never deal with in a real statistical application: a case
where our sample size is n = 1. In this case, our sample is X1 = x1, and our statistic
is T (x) =

�n
i xi = x1 (i.e. the value of our one sample), and the sampling distribution

is x1 ⇤ N(µ, 1) (i.e. the same probability distribution as our random variable - see class
for a diagram). If our H0 is correct, there would be a greater probability of our single
sample observation being in an interval around zero. What if our sample is quite far from
zero, say x1 = 2.5? We could take this as evidence that H0 is incorrect. Note that we
can never be sure that H0 is incorrect, no matter how far from zero our observation is,
because there is always the possibility that such an outcome could have occurred by chance.

To make the concept of ‘evidence against H0’ more rigorous, we will need the concept
of a p-value:

p-value ⇥ the probability of obtaining a value of T (x), or more extreme, conditional
on H0 being true.

The ‘more extreme’ part of this definition is a bit confusing at first glance, so let’s
consider our example to make this more clear. For our example, let’s assume that we
are interested in whether the value of T (x1) are more extreme in the positive direc-
tion (see class for a diagram). In this case, our p-value has the following definition:
pval = Pr(T (X1) � x1|H0 : µ = 0, true), where x1 reflects the various values our sample
could take (i.e. �⇧ < x1 < ⇧). Note that for our example, fX(x) ⇤ N(0, 1) where for
this particular case:

pval(T (x)) =

⇥ �

x1

fX(x)dx (3)

pval(T (x)) : T (x) ⌅ [0, 1] (4)
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Review: Non-Intuitive Hypothesis 
Testing Concepts

• We do not know what the true model is (=parameter values are) in a real 
case!

• We assess a null hypothesis that we define!

• We assess this null hypothesis by calculating a p-value which assumes that 
the null hypothesis is true!

• We assess this null hypothesis by calculating a p-value from a single sample!

• We make one of two decisions: cannot reject or reject!

• We decide on the value p-value that allows us to decide

• If we reject, we interpret this as strong evidence against the null 
hypothesis being correct but we do not know for sure!

• If we cannot reject, we cannot say anything (i.e., we have no evidence 
that the null is wrong and we cannot say that the null is right)! 



• We use the p-value to make a decision about the null hypothesis

• Specifically, we use the p-value for our sample to decide whether we “accept” (or better stated: 
“cannot reject”) the null hypothesis or “reject” the null hypothesis

• To do this, we use a value       such that if the p-value is below this value we “reject”, if it is above 
we “cannot reject” 

• Note that this value of      corresponds to a critical value (“threshold”) of the test statistic  

• For example for a value                we have the following for our previous examples:

Review: Hypothesis decisions I
Pr

(T
(x

) 
| H

0)

(see diagram on board for an example). Also, note in this particular case:

pval(T (x)) =

Z 1

x1

fX(x)dx = 1� FX(x) = 1�
Z x1

�1
fX(x)dx (5)

where FX(x) is the cumulative distribution function of X (in general, cdf’s of statistics
have a close relationship with p-values).

Shifted paragraph down.

So, how do we make use of a p-value? Let’s go back to our example case where we
assume X ⇠ N(µ,�2), where we assume that we know �

2 = 1 and where we are go-
ing to do a one-sided test of H0 : µ = 0 using a sample of size n = 1 and statis-
tic T (x1) = x1. As an example, say our sample was x1 = 0. In this case, our p-
value would be pval =

R1
0 fX(x)dx = 0.5. Similarly we have pval(x1 = 1) = 0.159,

pval(x1 = 1.65) = 0.05, pval(x1 = 2.5) = 0.0062. So, for our case where x1 = 2.5, the
probability of getting this value or more extreme, conditional on H0 : µ = 0 being true, is
quite small. Can we interpret this as evidence against H0? Yes we can, and intuitively, this
is how we assess our null hypothesis. However, this is still does not provide us a guideline
for saying ‘yes’ or ’no’ when considering the question: is H0 false? To make this decision,
we generally decide on some probability ↵ where if pval 6 ↵ we reject H0, i.e. we decide
that H0 is not correct. Where we set ↵ is quite arbitrary (and as we shall see, depends on
what trade-o↵s we want to make in our hypothesis testing framework) but it is often the
case that we set this value reasonably low to values such as ↵ = 0.05 or ↵ = 0.01. Note
that in our example, a given value of ↵ corresponds to a specific value of X, which we will
designate c↵, the critical value:

↵ =

Z 1

c↵

fX(x)dx (6)

where for ↵ = 0.05, we have c↵ = 1.65 in our example (see class for a diagram). To use ↵

(and c↵), we pre-define this value (i.e. ↵ = 0.05) and we reject H0 if our p-value is below
this value (i.e. or equivalently x1 > c↵ in this case) and we cannot reject H0 if our p-value
is not below this value. Note that we can interpret ↵ = 0.05 as a probability of 0.05 that
we would have obtained the value of our statistic or more extreme by chance, so even if
our p-value is less than ↵, we cannot reject H0 with absolute certainty.

Now, in our example, we have considered a case where we reject the null hypothesis if
our statistic is (equal to) or greater than a particular value. This is an example of a one-
sided test. We might want to construct a one-sided test if we think from our previous
experience that, if H0 : µ = 0 is wrong, and the true value of µ is going to be positive (or
we only case about cases where µ is positive). In general, for one-sided tests if we have
a continuous statistic T (X = x) that could take values from (+1,�1) we can define a
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p-value as follows:

pval(T (x)) =

Z 1

T (x)
Pr(T (x)|µ = 0)dT (x) (7)

Such cases do occur, but although we are often in situations we might not have an ex-
pectation in either direction, where for our example we might not know whether the true
value of µ is going to be positive or negative. In such cases, it is more optimal to define a
two-sided test, where we define our p-value as follows:

pval(T (x) =

Z �T (x)

�1
Pr(T (x)|µ = 0)dT (x) +

Z 1

T (x)
Pr(T (x)|µ = 0)dT (x) (8)

where we could produce an analogous equation for a statistic with a di↵erent range (by
defining the integration over the range of the statistic) or for a statistic with a discrete
distribution (by using a summation instead of an integral).

For a two-sided test, in our example, our critical value is defined such that we reject if
x1 > c↵ or x1 6 �c↵ (or |x1| > c↵):

↵ =

Z �c↵

�1
fX(x)dx+

Z 1

c↵

fX(x)dx (9)

Note that the value of c↵ in our example is going to have to be larger (smaller) than in a
two-sided test than in a one-sided test to preserve the same amount of probability ↵. As a
side-note, while we define p-values (and ‘rejection regions’) in terms of extreme parts of the
probability distributions of our statistic, there is actually nothing to stop us from defining
any region of 0.05, within which, we reject if our statistic falls in that region. However,
as we shall see, we often set up our hypothesis tests in such a way that considering the
extremes (or ‘tails’) of the sampling distribution of our statistic is optimal.

One last major concept for p-values. Remember that we can consider a p-value to be
a (somewhat complicated) function on a statistic: pval = f(T (X = x)). Now, just as
defining a probability model on a sample space Pr(S) induces a probability distribution
on a random variable Pr(X), which in turn induces a probability distribution on a sample
Pr(X = x) = Pr(X � 1 = x1, ..., Xn = xn), which in turn induces a probability distri-
bution on a statistic Pr(T (X = x)), this in turn induces a probability distribution on a
p-value: Pr(pval). Now it turns out that while all the other probability distributions can
be specific to a given example with associated assumptions, the probability of a p-value is
always the same. Specifically, a p-value has a uniform distribution over the interval [0, 1,
which we may write Pr(pval) ⇠ U [0, 1]. While we haven’t seen the uniform distribution
yet, this particular distribution is pretty intuitive, i.e. each interval of the same size over
zero to one has the same probability. Why would be define p-values in such a way? This
actually makes sense, since intuitively, regardless of the test we perform, we would like the
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(see diagram on board for an example). Also, note in this particular case:
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where FX(x) is the cumulative distribution function of X (in general, cdf’s of statistics
have a close relationship with p-values).
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So, how do we make use of a p-value? Let’s go back to our example case where we
assume X ⇠ N(µ,�2), where we assume that we know �

2 = 1 and where we are go-
ing to do a one-sided test of H0 : µ = 0 using a sample of size n = 1 and statis-
tic T (x1) = x1. As an example, say our sample was x1 = 0. In this case, our p-
value would be pval =
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0 fX(x)dx = 0.5. Similarly we have pval(x1 = 1) = 0.159,

pval(x1 = 1.65) = 0.05, pval(x1 = 2.5) = 0.0062. So, for our case where x1 = 2.5, the
probability of getting this value or more extreme, conditional on H0 : µ = 0 being true, is
quite small. Can we interpret this as evidence against H0? Yes we can, and intuitively, this
is how we assess our null hypothesis. However, this is still does not provide us a guideline
for saying ‘yes’ or ’no’ when considering the question: is H0 false? To make this decision,
we generally decide on some probability ↵ where if pval 6 ↵ we reject H0, i.e. we decide
that H0 is not correct. Where we set ↵ is quite arbitrary (and as we shall see, depends on
what trade-o↵s we want to make in our hypothesis testing framework) but it is often the
case that we set this value reasonably low to values such as ↵ = 0.05 or ↵ = 0.01. Note
that in our example, a given value of ↵ corresponds to a specific value of X, which we will
designate c↵, the critical value:
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where for ↵ = 0.05, we have c↵ = 1.65 in our example (see class for a diagram). To use ↵

(and c↵), we pre-define this value (i.e. ↵ = 0.05) and we reject H0 if our p-value is below
this value (i.e. or equivalently x1 > c↵ in this case) and we cannot reject H0 if our p-value
is not below this value. Note that we can interpret ↵ = 0.05 as a probability of 0.05 that
we would have obtained the value of our statistic or more extreme by chance, so even if
our p-value is less than ↵, we cannot reject H0 with absolute certainty.

Now, in our example, we have considered a case where we reject the null hypothesis if
our statistic is (equal to) or greater than a particular value. This is an example of a one-
sided test. We might want to construct a one-sided test if we think from our previous
experience that, if H0 : µ = 0 is wrong, and the true value of µ is going to be positive (or
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• Note that there are two possible outcomes of a hypothesis test: we 
reject or we cannot reject

• We never know for sure whether we are right (!!)

• If we cannot reject, this does not mean H0 is true (why?  What if our 
p-value is 0.99?)

• The value      is called the type I error, the probability of incorrectly 
rejecting H0 when it is true

• The value            is the probability of making a correct decision not 
to reject H0

• Note that we can control the level of type I error because we decide 
on the value of 

Review: Hypothesis decisions II

same formal way of assessing the results of the test. A p-value allow us to do this, e.g.
rejecting H0 when pval < ↵ is the same regardless of the specific test we perform. We will
use the fact that p-values have a uniform distribution later in the course when we discuss
solutions to the multiple testing issue.

A few additional important concepts:

1. There are two possible outcomes of a hypothesis test: we reject H0 or we cannot
reject H0.

2. If we cannot reject H0, this does not mean that H0 is true. This is because we could
have obtained our low p-value by chance, even when H0 is true (even if unlikely).
While people often use ‘accept’ H0 for the case where we cannot reject H0, we will
not use this phrase in this class because of the confusion this can cause, i.e. ‘accept’
seems to imply that H0 is true.

3. ↵ is called the type I error, which is the probability of incorrectly rejecting H0 by
chance when H0 is true.

4. 1� ↵ is the probability of making the correct decision not to reject H0.

5. Note that we can control the level of ↵, and hence the type I error, by setting our
critical value to a particular value. This is because we know what the sampling
distribution of our statistic will be, when assuming a specific value of our parameter.

So far, we have considered the case where H0 is true. How about the case where the true
value is di↵erent than our H0? To make the consequences of this clear, let’s consider our
example above of a normally distributed random variable, with �

2 = 1, a single observation
n = 1, and a one-sided hypothesis test: H0 : µ = 0. However, in this case, let’s say that
(unknown to us), the true value of µ = 1. In this case the probability of getting an
observation such as x1 = 2.5, where we reject H0 is not all that unlikely. In fact, if we
consider ↵ = 0.05 (which means c↵ = 1.65) we can calculate the probability 1 � � of
rejecting H0:

1� � =

Z 1

c↵

fX(x|µ = 1,�2 = 1)dx (10)

(see class for a diagram). We can also calculate the probability � that we will incorrectly,
not reject H0:

� =

Z c↵

�1
fX(x|µ = 1,�2 = 1)dx (11)

We can similarly construct these for a two-tailed test for a case where we knew the true
value of µ (which we will never know in practice). We call 1� � is the power of the test,
i.e. the probability of making the correct decision given that H0 is false. In general, for a
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our statistic such that it is an estimate of the parameter �. We write a parameter estimate
as �̂, and since our statistic T is an estimator, we write T (x) = �̂ or T (X = x) = �̂. Note
that since our sample has a probability distribution (a sampling distribution), our statistic
= estimator has a probability distribution Pr(T (X = x)) = Pr(�̂). Our goal when defining
our estimator is to make this probability distribution such that estimate has a reasonable
probability of getting the right parameter value or ‘close to’ the right parameter value for
most samples.

Today, we are going to consider situations where, instead of wanting to know the ac-
tual value of a parameter, we want to be able to answer a ‘yes’ or ‘no’ question about the
parameter. For example, we may be interested in whether a drug administered to a child
has an e�ect on adult height. In such a case, we are less interested on the exact e�ect of
the drug (which we might summarize with the parameter µ) but rather whether we can
say with confidence that the hypothesis that the drug has no e�ect on height is wrong. We
could use the answer to the question (is there no e�ect of the drug?) to make decisions
about how the drug will be administered or regulated. This is what we want to accomplish
in the other major ‘type’ of inference, which is hypothesis testing. Note that hypothesis
testing is a fair bit more complicated (and arguably less intuitive) than estimation. Even
if you have been exposed to the hypothesis testing framework before, it often takes several
exposures to develop a deep understanding.

We will begin our discussion of hypothesis testing by defining some of the critical con-
cepts and providing some simple examples that should help with intuition. As per the
name, we first need to define a hypothesis:

Hypothesis � an assumption about a parameter.

More specifically, we will assume that we have defined Pr(X|�) for our system and we
will now define a null hypothesis, which states that are parameter � takes a specific value
(a constant) or is an interval of values (for the moment, we will consider � to take a single
value). We use the following formalism to write our null hypothesis (H0):

H0 : � = c (1)

where c is a constant. For example, lets assume Pr(X|�) ⇥ N(µ,⇥2), where in this case we
happen to know ⇥2 = 1. We can define the null hypothesis H0 : µ = 0 in this case and we
are interested in whether we can say with confidence that our null hypothesis is ‘incorrect’
or ‘false’.

Just as with estimation, we will assess this null hypothesis using a sample Pr(X = x) =
Pr(X1 = x1, ..., Xn = xn) , which we will assume is i.i.d. Again, just as with estimation,
we assume that multiple observations of the sample have more information about µ than

2

T(x)

(see diagram on board for an example). Also, note in this particular case:

pval(T (x)) =

⇥ 1

x1

fX(x)dx = 1� FX(x) = 1�
⇥ x1

�1
fX(x)dx (5)

where FX(x) is the cumulative distribution function of X (in general, cdf’s of statistics
have a close relationship with p-values).

Shifted paragraph down.

So, how do we make use of a p-value? Let’s go back to our example case where we
assume X ⇥ N(µ,⇤2), where we assume that we know ⇤2 = 1 and where we are go-
ing to do a one-sided test of H0 : µ = 0 using a sample of size n = 1 and statis-
tic T (x1) = x1. As an example, say our sample was x1 = 0. In this case, our p-
value would be pval =

�1
0 fX(x)dx = 0.5. Similarly we have pval(x1 = 1) = 0.159,

pval(x1 = 1.65) = 0.05, pval(x1 = 2.5) = 0.0062. So, for our case where x1 = 2.5, the
probability of getting this value or more extreme, conditional on H0 : µ = 0 being true, is
quite small. Can we interpret this as evidence against H0? Yes we can, and intuitively, this
is how we assess our null hypothesis. However, this is still does not provide us a guideline
for saying ‘yes’ or ’no’ when considering the question: is H0 false? To make this decision,
we generally decide on some probability � where if pval 6 � we reject H0, i.e. we decide
that H0 is not correct. Where we set � is quite arbitrary (and as we shall see, depends on
what trade-o�s we want to make in our hypothesis testing framework) but it is often the
case that we set this value reasonably low to values such as � = 0.05 or � = 0.01. Note
that in our example, a given value of � corresponds to a specific value of X, which we will
designate c�, the critical value:

� =

⇥ 1

c↵

fX(x)dx (6)

where for � = 0.05, we have c� = 1.65 in our example (see class for a diagram). To use �
(and c�), we pre-define this value (i.e. � = 0.05) and we reject H0 if our p-value is below
this value (i.e. or equivalently x1 > c� in this case) and we cannot reject H0 if our p-value
is not below this value. Note that we can interpret � = 0.05 as a probability of 0.05 that
we would have obtained the value of our statistic or more extreme by chance, so even if
our p-value is less than �, we cannot reject H0 with absolute certainty.

Now, in our example, we have considered a case where we reject the null hypothesis if
our statistic is (equal to) or greater than a particular value. This is an example of a one-
sided test. We might want to construct a one-sided test if we think from our previous
experience that, if H0 : µ = 0 is wrong, and the true value of µ is going to be positive (or
we only case about cases where µ is positive). In general, for one-sided tests if we have
a continuous statistic T (X = x) that could take values from (+⇤,�⇤) we can define a
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is not below this value. Note that we can interpret ↵ = 0.05 as a probability of 0.05 that
we would have obtained the value of our statistic or more extreme by chance, so even if
our p-value is less than ↵, we cannot reject H0 with absolute certainty.

Now, in our example, we have considered a case where we reject the null hypothesis if
our statistic is (equal to) or greater than a particular value. This is an example of a one-
sided test. We might want to construct a one-sided test if we think from our previous
experience that, if H0 : µ = 0 is wrong, and the true value of µ is going to be positive (or
we only case about cases where µ is positive). In general, for one-sided tests if we have
a continuous statistic T (X = x) that could take values from (+1,�1) we can define a
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have a close relationship with p-values).
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2 = 1 and where we are go-
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Lecture 8: Hypothesis Testing II

Lecture: February 23; Version 1: February 20; Version 2, March 15

1 Introduction

Note that two sections 2-3 (power, alternative hypotheses) were added from the previous
lecture notes.

Last lecture, we began our discussion of hypothesis tests. Today, we are going to com-
plete our general discussion with the introduction of likelihood ratio tests. We will end
today’s lecture with a brief discussion of confidence intervals. This lecture will complete
our general review of probability and statistics. Next lecture, we will begin our discussion
of the application of probability and statistics in quantitative genomics.

2 Factors that a↵ect power

As a review, recall that we have a system, we conduct an experiment, which defines a
sample space S. We define a probability function Pr and a random variable X on S in
such a way that Pr(X = x) is in a ‘family’ of probability distributions that are indexed
by parameter(s) ✓, where we do not know the specific values of the parameters. We
are interested in testing the null hypothesis H0, using a statistic T (X = x) on an i.i.d
observations of our random variable, e.g. for X ⇠ N(µ,�2). To test this hypothesis, we
define an H0, which we use to define a p-value, which is a function of our statistic. If
the p-value for the actual value of our statistic (for our specific sample, e.g. T (x) = t)
is below some pre-defined value ↵ (which determines the critical value c↵), we reject H0.
If the p-value is above this value, we do not reject H0. The various critical concepts in
hypothesis testing can be organized as follows:

H0 is true H0 is false
cannot reject H0 1-↵, (correct) �, type II error

reject H0 ↵, type I error 1� �, power (correct)
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sample space S. We define a probability function Pr and a random variable X on S in
such a way that Pr(X = x) is in a ‘family’ of probability distributions that are indexed
by parameter(s) ✓, where we do not know the specific values of the parameters. We
are interested in testing the null hypothesis H0, using a statistic T (X = x) on an i.i.d
observations of our random variable, e.g. for X ⇠ N(µ,�2). To test this hypothesis, we
define an H0, which we use to define a p-value, which is a function of our statistic. If
the p-value for the actual value of our statistic (for our specific sample, e.g. T (x) = t)
is below some pre-defined value ↵ (which determines the critical value c↵), we reject H0.
If the p-value is above this value, we do not reject H0. The various critical concepts in
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(see diagram on board for an example). Also, note in this particular case:

pval(T (x)) =

Z 1

x1

fX(x)dx = 1� FX(x) = 1�
Z x1

�1
fX(x)dx (5)

where FX(x) is the cumulative distribution function of X (in general, cdf’s of statistics
have a close relationship with p-values).

Shifted paragraph down.

So, how do we make use of a p-value? Let’s go back to our example case where we
assume X ⇠ N(µ,�2), where we assume that we know �

2 = 1 and where we are go-
ing to do a one-sided test of H0 : µ = 0 using a sample of size n = 1 and statis-
tic T (x1) = x1. As an example, say our sample was x1 = 0. In this case, our p-
value would be pval =

R1
0 fX(x)dx = 0.5. Similarly we have pval(x1 = 1) = 0.159,

pval(x1 = 1.65) = 0.05, pval(x1 = 2.5) = 0.0062. So, for our case where x1 = 2.5, the
probability of getting this value or more extreme, conditional on H0 : µ = 0 being true, is
quite small. Can we interpret this as evidence against H0? Yes we can, and intuitively, this
is how we assess our null hypothesis. However, this is still does not provide us a guideline
for saying ‘yes’ or ’no’ when considering the question: is H0 false? To make this decision,
we generally decide on some probability ↵ where if pval 6 ↵ we reject H0, i.e. we decide
that H0 is not correct. Where we set ↵ is quite arbitrary (and as we shall see, depends on
what trade-o↵s we want to make in our hypothesis testing framework) but it is often the
case that we set this value reasonably low to values such as ↵ = 0.05 or ↵ = 0.01. Note
that in our example, a given value of ↵ corresponds to a specific value of X, which we will
designate c↵, the critical value:

↵ =

Z 1

c↵

fX(x)dx (6)

where for ↵ = 0.05, we have c↵ = 1.65 in our example (see class for a diagram). To use ↵

(and c↵), we pre-define this value (i.e. ↵ = 0.05) and we reject H0 if our p-value is below
this value (i.e. or equivalently x1 > c↵ in this case) and we cannot reject H0 if our p-value
is not below this value. Note that we can interpret ↵ = 0.05 as a probability of 0.05 that
we would have obtained the value of our statistic or more extreme by chance, so even if
our p-value is less than ↵, we cannot reject H0 with absolute certainty.

Now, in our example, we have considered a case where we reject the null hypothesis if
our statistic is (equal to) or greater than a particular value. This is an example of a one-
sided test. We might want to construct a one-sided test if we think from our previous
experience that, if H0 : µ = 0 is wrong, and the true value of µ is going to be positive (or
we only case about cases where µ is positive). In general, for one-sided tests if we have
a continuous statistic T (X = x) that could take values from (+1,�1) we can define a
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where FX(x) is the cumulative distribution function of X (in general, cdf’s of statistics
have a close relationship with p-values).

Shifted paragraph down.

So, how do we make use of a p-value? Let’s go back to our example case where we
assume X ⇠ N(µ,�2), where we assume that we know �

2 = 1 and where we are go-
ing to do a one-sided test of H0 : µ = 0 using a sample of size n = 1 and statis-
tic T (x1) = x1. As an example, say our sample was x1 = 0. In this case, our p-
value would be pval =
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0 fX(x)dx = 0.5. Similarly we have pval(x1 = 1) = 0.159,

pval(x1 = 1.65) = 0.05, pval(x1 = 2.5) = 0.0062. So, for our case where x1 = 2.5, the
probability of getting this value or more extreme, conditional on H0 : µ = 0 being true, is
quite small. Can we interpret this as evidence against H0? Yes we can, and intuitively, this
is how we assess our null hypothesis. However, this is still does not provide us a guideline
for saying ‘yes’ or ’no’ when considering the question: is H0 false? To make this decision,
we generally decide on some probability ↵ where if pval 6 ↵ we reject H0, i.e. we decide
that H0 is not correct. Where we set ↵ is quite arbitrary (and as we shall see, depends on
what trade-o↵s we want to make in our hypothesis testing framework) but it is often the
case that we set this value reasonably low to values such as ↵ = 0.05 or ↵ = 0.01. Note
that in our example, a given value of ↵ corresponds to a specific value of X, which we will
designate c↵, the critical value:

↵ =

Z 1

c↵

fX(x)dx (6)

where for ↵ = 0.05, we have c↵ = 1.65 in our example (see class for a diagram). To use ↵

(and c↵), we pre-define this value (i.e. ↵ = 0.05) and we reject H0 if our p-value is below
this value (i.e. or equivalently x1 > c↵ in this case) and we cannot reject H0 if our p-value
is not below this value. Note that we can interpret ↵ = 0.05 as a probability of 0.05 that
we would have obtained the value of our statistic or more extreme by chance, so even if
our p-value is less than ↵, we cannot reject H0 with absolute certainty.

Now, in our example, we have considered a case where we reject the null hypothesis if
our statistic is (equal to) or greater than a particular value. This is an example of a one-
sided test. We might want to construct a one-sided test if we think from our previous
experience that, if H0 : µ = 0 is wrong, and the true value of µ is going to be positive (or
we only case about cases where µ is positive). In general, for one-sided tests if we have
a continuous statistic T (X = x) that could take values from (+1,�1) we can define a
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our statistic such that it is an estimate of the parameter �. We write a parameter estimate
as �̂, and since our statistic T is an estimator, we write T (x) = �̂ or T (X = x) = �̂. Note
that since our sample has a probability distribution (a sampling distribution), our statistic
= estimator has a probability distribution Pr(T (X = x)) = Pr(�̂). Our goal when defining
our estimator is to make this probability distribution such that estimate has a reasonable
probability of getting the right parameter value or ‘close to’ the right parameter value for
most samples.

Today, we are going to consider situations where, instead of wanting to know the ac-
tual value of a parameter, we want to be able to answer a ‘yes’ or ‘no’ question about the
parameter. For example, we may be interested in whether a drug administered to a child
has an e�ect on adult height. In such a case, we are less interested on the exact e�ect of
the drug (which we might summarize with the parameter µ) but rather whether we can
say with confidence that the hypothesis that the drug has no e�ect on height is wrong. We
could use the answer to the question (is there no e�ect of the drug?) to make decisions
about how the drug will be administered or regulated. This is what we want to accomplish
in the other major ‘type’ of inference, which is hypothesis testing. Note that hypothesis
testing is a fair bit more complicated (and arguably less intuitive) than estimation. Even
if you have been exposed to the hypothesis testing framework before, it often takes several
exposures to develop a deep understanding.

We will begin our discussion of hypothesis testing by defining some of the critical con-
cepts and providing some simple examples that should help with intuition. As per the
name, we first need to define a hypothesis:

Hypothesis � an assumption about a parameter.

More specifically, we will assume that we have defined Pr(X|�) for our system and we
will now define a null hypothesis, which states that are parameter � takes a specific value
(a constant) or is an interval of values (for the moment, we will consider � to take a single
value). We use the following formalism to write our null hypothesis (H0):

H0 : � = c (1)

where c is a constant. For example, lets assume Pr(X|�) ⇥ N(µ,⇥2), where in this case we
happen to know ⇥2 = 1. We can define the null hypothesis H0 : µ = 0 in this case and we
are interested in whether we can say with confidence that our null hypothesis is ‘incorrect’
or ‘false’.

Just as with estimation, we will assess this null hypothesis using a sample Pr(X = x) =
Pr(X1 = x1, ..., Xn = xn) , which we will assume is i.i.d. Again, just as with estimation,
we assume that multiple observations of the sample have more information about µ than
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T(x)

Sample 1:

Sample 1I:

(see diagram on board for an example). Also, note in this particular case:

pval(T (x)) =

Z 1

x1

fX(x)dx = 1� FX(x) = 1�
Z x1

�1
fX(x)dx (5)

where FX(x) is the cumulative distribution function of X (in general, cdf’s of statistics
have a close relationship with p-values).

Shifted paragraph down.

So, how do we make use of a p-value? Let’s go back to our example case where we
assume X ⇠ N(µ,�2), where we assume that we know �

2 = 1 and where we are go-
ing to do a one-sided test of H0 : µ = 0 using a sample of size n = 1 and statis-
tic T (x1) = x1. As an example, say our sample was x1 = 0. In this case, our p-
value would be pval =

R1
0 fX(x)dx = 0.5. Similarly we have pval(x1 = 1) = 0.159,

pval(x1 = 1.65) = 0.05, pval(x1 = 2.5) = 0.0062. So, for our case where x1 = 2.5, the
probability of getting this value or more extreme, conditional on H0 : µ = 0 being true, is
quite small. Can we interpret this as evidence against H0? Yes we can, and intuitively, this
is how we assess our null hypothesis. However, this is still does not provide us a guideline
for saying ‘yes’ or ’no’ when considering the question: is H0 false? To make this decision,
we generally decide on some probability ↵ where if pval 6 ↵ we reject H0, i.e. we decide
that H0 is not correct. Where we set ↵ is quite arbitrary (and as we shall see, depends on
what trade-o↵s we want to make in our hypothesis testing framework) but it is often the
case that we set this value reasonably low to values such as ↵ = 0.05 or ↵ = 0.01. Note
that in our example, a given value of ↵ corresponds to a specific value of X, which we will
designate c↵, the critical value:

↵ =

Z 1

c↵

fX(x)dx (6)

where for ↵ = 0.05, we have c↵ = 1.65 in our example (see class for a diagram). To use ↵

(and c↵), we pre-define this value (i.e. ↵ = 0.05) and we reject H0 if our p-value is below
this value (i.e. or equivalently x1 > c↵ in this case) and we cannot reject H0 if our p-value
is not below this value. Note that we can interpret ↵ = 0.05 as a probability of 0.05 that
we would have obtained the value of our statistic or more extreme by chance, so even if
our p-value is less than ↵, we cannot reject H0 with absolute certainty.

Now, in our example, we have considered a case where we reject the null hypothesis if
our statistic is (equal to) or greater than a particular value. This is an example of a one-
sided test. We might want to construct a one-sided test if we think from our previous
experience that, if H0 : µ = 0 is wrong, and the true value of µ is going to be positive (or
we only case about cases where µ is positive). In general, for one-sided tests if we have
a continuous statistic T (X = x) that could take values from (+1,�1) we can define a
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sided test. We might want to construct a one-sided test if we think from our previous
experience that, if H0 : µ = 0 is wrong, and the true value of µ is going to be positive (or
we only case about cases where µ is positive). In general, for one-sided tests if we have
a continuous statistic T (X = x) that could take values from (+1,�1) we can define a
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(see diagram on board for an example). Also, note in this particular case:

pval(T (x)) =

Z 1

x1

fX(x)dx = 1� FX(x) = 1�
Z x1

�1
fX(x)dx (5)

where FX(x) is the cumulative distribution function of X (in general, cdf’s of statistics
have a close relationship with p-values).

Shifted paragraph down.

So, how do we make use of a p-value? Let’s go back to our example case where we
assume X ⇠ N(µ,�2), where we assume that we know �

2 = 1 and where we are go-
ing to do a one-sided test of H0 : µ = 0 using a sample of size n = 1 and statis-
tic T (x1) = x1. As an example, say our sample was x1 = 0. In this case, our p-
value would be pval =

R1
0 fX(x)dx = 0.5. Similarly we have pval(x1 = 1) = 0.159,

pval(x1 = 1.65) = 0.05, pval(x1 = 2.5) = 0.0062. So, for our case where x1 = 2.5, the
probability of getting this value or more extreme, conditional on H0 : µ = 0 being true, is
quite small. Can we interpret this as evidence against H0? Yes we can, and intuitively, this
is how we assess our null hypothesis. However, this is still does not provide us a guideline
for saying ‘yes’ or ’no’ when considering the question: is H0 false? To make this decision,
we generally decide on some probability ↵ where if pval 6 ↵ we reject H0, i.e. we decide
that H0 is not correct. Where we set ↵ is quite arbitrary (and as we shall see, depends on
what trade-o↵s we want to make in our hypothesis testing framework) but it is often the
case that we set this value reasonably low to values such as ↵ = 0.05 or ↵ = 0.01. Note
that in our example, a given value of ↵ corresponds to a specific value of X, which we will
designate c↵, the critical value:

↵ =

Z 1

c↵

fX(x)dx (6)

where for ↵ = 0.05, we have c↵ = 1.65 in our example (see class for a diagram). To use ↵

(and c↵), we pre-define this value (i.e. ↵ = 0.05) and we reject H0 if our p-value is below
this value (i.e. or equivalently x1 > c↵ in this case) and we cannot reject H0 if our p-value
is not below this value. Note that we can interpret ↵ = 0.05 as a probability of 0.05 that
we would have obtained the value of our statistic or more extreme by chance, so even if
our p-value is less than ↵, we cannot reject H0 with absolute certainty.
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our statistic is (equal to) or greater than a particular value. This is an example of a one-
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experience that, if H0 : µ = 0 is wrong, and the true value of µ is going to be positive (or
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BTRY 4830/6830: Quantitative Genomics and Genetics
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Lecture 7: Hypothesis Testing I

Lecture: February 21; Version 1: February 19; Version 2: March 15

1 Introduction

Last lecture, we discussed estimation (also called ‘point’ estimation) where the goal was to
make a reasonable guess (=estimate) concerning the true (unknown) value of a parameter
from a sample. Today, we are going to begin discussion of the other major ‘type’ of
inference which is hypothesis testing. Our goal here is not to say what the actual value of
the parameter is, but rather, to say with some confidence what this parameter value is not.
As we will see, hypothesis testing has a natural fit with the goals of quantitative genomics.
µ = 3

2 Hypothesis Testing

As a review, recall our broader set-up, where we are interested in knowing about a system.
To do this, we conduct an experiment, which produces a sample, where we define a sample
space S the elements of which include all possible sample outcomes. We assume a specific
probability model, by defining a probability function Pr(S), and a random variable X(S)
on this sample space, where defining the probability function Pr(S) induces a probabil-
ity distribution on our random variable Pr(X) or Pr(X = x). We assume that our true
probability distribution is in a ‘family’ of probability distributions that are indexed by
parameter(s) �, e.g. X � N(µ,⇥2), which we write Pr(X|�) or Pr(X = x|�), where we do
not know the specific values of the parameters. Previously, our goal was to estimate the
value of this unknown parameter value using a sample, which are i.i.d observations of our
random variable X written X = [X1, ..., Xn] or (X = x) = [X1 = x1, ..., Xn = xn]. Our
assumed probability distribution on our random variable X, induces a (joint) probability
distribution over all the possible samples that we could produce: Pr(X) = Pr(X1, ..., Xn)
or Pr(X = x) = Pr(X1 = x1, ..., Xn = xn) and when our sample is i.i.d, each of the
individual observations in our sample has a probability distribution that is the same as
our random variable Pr(Xi = xi|�). The process of estimation requires that we define a
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• There are only two possible decisions we can make as a result of our 
hypothesis test: reject or cannot reject

Review: Results of hypothesis 
decisions II: when H0 is wrong (!!)

BTRY 4830/6830: Quantitative Genomics and Genetics
Spring 2011

Lecture 8: Hypothesis Testing II

Lecture: February 23; Version 1: February 20; Version 2, March 15

1 Introduction

Note that two sections 2-3 (power, alternative hypotheses) were added from the previous
lecture notes.

Last lecture, we began our discussion of hypothesis tests. Today, we are going to com-
plete our general discussion with the introduction of likelihood ratio tests. We will end
today’s lecture with a brief discussion of confidence intervals. This lecture will complete
our general review of probability and statistics. Next lecture, we will begin our discussion
of the application of probability and statistics in quantitative genomics.

2 Factors that a↵ect power

As a review, recall that we have a system, we conduct an experiment, which defines a
sample space S. We define a probability function Pr and a random variable X on S in
such a way that Pr(X = x) is in a ‘family’ of probability distributions that are indexed
by parameter(s) ✓, where we do not know the specific values of the parameters. We
are interested in testing the null hypothesis H0, using a statistic T (X = x) on an i.i.d
observations of our random variable, e.g. for X ⇠ N(µ,�2). To test this hypothesis, we
define an H0, which we use to define a p-value, which is a function of our statistic. If
the p-value for the actual value of our statistic (for our specific sample, e.g. T (x) = t)
is below some pre-defined value ↵ (which determines the critical value c↵), we reject H0.
If the p-value is above this value, we do not reject H0. The various critical concepts in
hypothesis testing can be organized as follows:

H0 is true H0 is false
cannot reject H0 1-↵, (correct) �, type II error

reject H0 ↵, type I error 1� �, power (correct)

1
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(x
) 
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Lecture 8: Hypothesis Testing II

Lecture: February 23; Version 1: February 20; Version 2, March 15

1 Introduction

Note that two sections 2-3 (power, alternative hypotheses) were added from the previous
lecture notes.

Last lecture, we began our discussion of hypothesis tests. Today, we are going to com-
plete our general discussion with the introduction of likelihood ratio tests. We will end
today’s lecture with a brief discussion of confidence intervals. This lecture will complete
our general review of probability and statistics. Next lecture, we will begin our discussion
of the application of probability and statistics in quantitative genomics.

2 Factors that a↵ect power

As a review, recall that we have a system, we conduct an experiment, which defines a
sample space S. We define a probability function Pr and a random variable X on S in
such a way that Pr(X = x) is in a ‘family’ of probability distributions that are indexed
by parameter(s) ✓, where we do not know the specific values of the parameters. We
are interested in testing the null hypothesis H0, using a statistic T (X = x) on an i.i.d
observations of our random variable, e.g. for X ⇠ N(µ,�2). To test this hypothesis, we
define an H0, which we use to define a p-value, which is a function of our statistic. If
the p-value for the actual value of our statistic (for our specific sample, e.g. T (x) = t)
is below some pre-defined value ↵ (which determines the critical value c↵), we reject H0.
If the p-value is above this value, we do not reject H0. The various critical concepts in
hypothesis testing can be organized as follows:

H0 is true H0 is false
cannot reject H0 1-↵, (correct) �, type II error

reject H0 ↵, type I error 1� �, power (correct)
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Review: Results of hypothesis 
decisions II: when H0 is wrong (!!)

• There are only two possible decisions we can make as a result of our 
hypothesis test: reject or cannot reject

(see diagram on board for an example). Also, note in this particular case:

pval(T (x)) =

Z 1

x1

fX(x)dx = 1� FX(x) = 1�
Z x1

�1
fX(x)dx (5)

where FX(x) is the cumulative distribution function of X (in general, cdf’s of statistics
have a close relationship with p-values).

Shifted paragraph down.

So, how do we make use of a p-value? Let’s go back to our example case where we
assume X ⇠ N(µ,�2), where we assume that we know �

2 = 1 and where we are go-
ing to do a one-sided test of H0 : µ = 0 using a sample of size n = 1 and statis-
tic T (x1) = x1. As an example, say our sample was x1 = 0. In this case, our p-
value would be pval =

R1
0 fX(x)dx = 0.5. Similarly we have pval(x1 = 1) = 0.159,

pval(x1 = 1.65) = 0.05, pval(x1 = 2.5) = 0.0062. So, for our case where x1 = 2.5, the
probability of getting this value or more extreme, conditional on H0 : µ = 0 being true, is
quite small. Can we interpret this as evidence against H0? Yes we can, and intuitively, this
is how we assess our null hypothesis. However, this is still does not provide us a guideline
for saying ‘yes’ or ’no’ when considering the question: is H0 false? To make this decision,
we generally decide on some probability ↵ where if pval 6 ↵ we reject H0, i.e. we decide
that H0 is not correct. Where we set ↵ is quite arbitrary (and as we shall see, depends on
what trade-o↵s we want to make in our hypothesis testing framework) but it is often the
case that we set this value reasonably low to values such as ↵ = 0.05 or ↵ = 0.01. Note
that in our example, a given value of ↵ corresponds to a specific value of X, which we will
designate c↵, the critical value:

↵ =

Z 1

c↵

fX(x)dx (6)

where for ↵ = 0.05, we have c↵ = 1.65 in our example (see class for a diagram). To use ↵

(and c↵), we pre-define this value (i.e. ↵ = 0.05) and we reject H0 if our p-value is below
this value (i.e. or equivalently x1 > c↵ in this case) and we cannot reject H0 if our p-value
is not below this value. Note that we can interpret ↵ = 0.05 as a probability of 0.05 that
we would have obtained the value of our statistic or more extreme by chance, so even if
our p-value is less than ↵, we cannot reject H0 with absolute certainty.

Now, in our example, we have considered a case where we reject the null hypothesis if
our statistic is (equal to) or greater than a particular value. This is an example of a one-
sided test. We might want to construct a one-sided test if we think from our previous
experience that, if H0 : µ = 0 is wrong, and the true value of µ is going to be positive (or
we only case about cases where µ is positive). In general, for one-sided tests if we have
a continuous statistic T (X = x) that could take values from (+1,�1) we can define a
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• There are only two possible decisions we can make as a result of our 
hypothesis test: reject or cannot reject
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ing to do a one-sided test of H0 : µ = 0 using a sample of size n = 1 and statis-
tic T (x1) = x1. As an example, say our sample was x1 = 0. In this case, our p-
value would be pval =

R1
0 fX(x)dx = 0.5. Similarly we have pval(x1 = 1) = 0.159,

pval(x1 = 1.65) = 0.05, pval(x1 = 2.5) = 0.0062. So, for our case where x1 = 2.5, the
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for saying ‘yes’ or ’no’ when considering the question: is H0 false? To make this decision,
we generally decide on some probability ↵ where if pval 6 ↵ we reject H0, i.e. we decide
that H0 is not correct. Where we set ↵ is quite arbitrary (and as we shall see, depends on
what trade-o↵s we want to make in our hypothesis testing framework) but it is often the
case that we set this value reasonably low to values such as ↵ = 0.05 or ↵ = 0.01. Note
that in our example, a given value of ↵ corresponds to a specific value of X, which we will
designate c↵, the critical value:
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where for ↵ = 0.05, we have c↵ = 1.65 in our example (see class for a diagram). To use ↵

(and c↵), we pre-define this value (i.e. ↵ = 0.05) and we reject H0 if our p-value is below
this value (i.e. or equivalently x1 > c↵ in this case) and we cannot reject H0 if our p-value
is not below this value. Note that we can interpret ↵ = 0.05 as a probability of 0.05 that
we would have obtained the value of our statistic or more extreme by chance, so even if
our p-value is less than ↵, we cannot reject H0 with absolute certainty.

Now, in our example, we have considered a case where we reject the null hypothesis if
our statistic is (equal to) or greater than a particular value. This is an example of a one-
sided test. We might want to construct a one-sided test if we think from our previous
experience that, if H0 : µ = 0 is wrong, and the true value of µ is going to be positive (or
we only case about cases where µ is positive). In general, for one-sided tests if we have
a continuous statistic T (X = x) that could take values from (+1,�1) we can define a
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• Technically, correct decision given H0 is true is (for one-sided, similar 
for two-sided):

• Type I error (H0 is true) is (for one-sided):

• Type II error given H0 is false is (for one-sided):

• Power is (for one-sided):

Technical definitions

(see class for a diagram). We can also calculate the probability ⇥ that we will incorrectly,
not reject H0:

⇥ =

� c↵

�1
fX(x|µ = 1,⌅2 = 1)dx (13)

We can similarly construct these for a two-tailed test for a case where we knew the true
value of µ (which we will never know in practice). We call 1� ⇥ is the power of the test,
i.e. the probability of making the correct decision given that H0 is false. In general, for a
test statistic with a continuous distribution, a one sided test, and (unbeknownst to us) the
true parameter has value ⇤ = w, the power is:

1� � =

� c↵

�1
Pr(T (x)|⇤ = c)dT (x) (14)

� =

� 1

c↵

Pr(T (x)|⇤ = c)dT (x) (15)

⇥ =

� c↵

�1
Pr(T (x)|⇤)dT (x) (16)

1� ⇥ =

� 1

c↵

Pr(T (x)|⇤)dT (x) (17)

and for a two sided test:

1� ⇥ =

� �c↵

�1
Pr(T (x)|⇤ = w)dT (x) +

� 1

c↵

Pr(T (x)|⇤ = w)dT (x) (18)

A few comments:

1. ⇥ is the type II error of the test, i.e. the probability of making the incorrect decision
do not reject H0, given that H0 is false.

2. Unlike the case of �, the type I error (and 1-�), which we know exactly (and set),
we will never know the true value of 1� ⇥, the power (or ⇥, the type II error), since
these depend on the true value of the parameters, which are unknown to us.

3. However, we can use strategies to set up our hypothesis tests in ways where we can
control power and type II error compared to other alternative ways of setting up
hypothesis tests (as we will see below and discuss next lecture).

With these concepts in hand, we can write out the following cases, which depend on the
two outcomes of a hypothesis test (we reject H0 or do not reject H0) and that depend on
the two possible cases: H0 is true or H0 is false:

H0 is true H0 is false
cannot reject H0 1-�, (correct) ⇥, type II error

reject H0 �, type I error 1� ⇥, power (correct)
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• REMEMBER (!!): there are two possible outcomes of a hypothesis 
test: we reject or we cannot reject

• We never know for sure whether we are right (!!)

• If we cannot reject, this does not mean H0 is true (why?)

• Note that we can control the level of type I error because we decide 
on the value of 

Important concepts I

same formal way of assessing the results of the test. A p-value allow us to do this, e.g.
rejecting H0 when pval < ↵ is the same regardless of the specific test we perform. We will
use the fact that p-values have a uniform distribution later in the course when we discuss
solutions to the multiple testing issue.

A few additional important concepts:

1. There are two possible outcomes of a hypothesis test: we reject H0 or we cannot
reject H0.

2. If we cannot reject H0, this does not mean that H0 is true. This is because we could
have obtained our low p-value by chance, even when H0 is true (even if unlikely).
While people often use ‘accept’ H0 for the case where we cannot reject H0, we will
not use this phrase in this class because of the confusion this can cause, i.e. ‘accept’
seems to imply that H0 is true.

3. ↵ is called the type I error, which is the probability of incorrectly rejecting H0 by
chance when H0 is true.

4. 1� ↵ is the probability of making the correct decision not to reject H0.

5. Note that we can control the level of ↵, and hence the type I error, by setting our
critical value to a particular value. This is because we know what the sampling
distribution of our statistic will be, when assuming a specific value of our parameter.

So far, we have considered the case where H0 is true. How about the case where the true
value is di↵erent than our H0? To make the consequences of this clear, let’s consider our
example above of a normally distributed random variable, with �

2 = 1, a single observation
n = 1, and a one-sided hypothesis test: H0 : µ = 0. However, in this case, let’s say that
(unknown to us), the true value of µ = 1. In this case the probability of getting an
observation such as x1 = 2.5, where we reject H0 is not all that unlikely. In fact, if we
consider ↵ = 0.05 (which means c↵ = 1.65) we can calculate the probability 1 � � of
rejecting H0:

1� � =

Z 1

c↵

fX(x|µ = 1,�2 = 1)dx (10)

(see class for a diagram). We can also calculate the probability � that we will incorrectly,
not reject H0:

� =

Z c↵

�1
fX(x|µ = 1,�2 = 1)dx (11)

We can similarly construct these for a two-tailed test for a case where we knew the true
value of µ (which we will never know in practice). We call 1� � is the power of the test,
i.e. the probability of making the correct decision given that H0 is false. In general, for a
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• Unlike type I error     , which we can set, we cannot control power 
directly (since it depends on the actual parameter value)

• However, since power          depends on how far the true value of 
parameter is from the H0, we can make decisions to increase power 
depending on how we set up our experiment and test:

• Greater sample size = greater power

• Greater the value of     that we set = greater power             
(trade-off!)

• One-sided or two-sided test (which is more powerful?)

• How we define our statistic (a more technical concept...)

(see diagram on board for an example). Also, note in this particular case:

pval(T (x)) =

Z 1

x1

fX(x)dx = 1� FX(x) = 1�
Z x1

�1
fX(x)dx (5)

where FX(x) is the cumulative distribution function of X (in general, cdf’s of statistics
have a close relationship with p-values).

Shifted paragraph down.

So, how do we make use of a p-value? Let’s go back to our example case where we
assume X ⇠ N(µ,�2), where we assume that we know �

2 = 1 and where we are go-
ing to do a one-sided test of H0 : µ = 0 using a sample of size n = 1 and statis-
tic T (x1) = x1. As an example, say our sample was x1 = 0. In this case, our p-
value would be pval =

R1
0 fX(x)dx = 0.5. Similarly we have pval(x1 = 1) = 0.159,

pval(x1 = 1.65) = 0.05, pval(x1 = 2.5) = 0.0062. So, for our case where x1 = 2.5, the
probability of getting this value or more extreme, conditional on H0 : µ = 0 being true, is
quite small. Can we interpret this as evidence against H0? Yes we can, and intuitively, this
is how we assess our null hypothesis. However, this is still does not provide us a guideline
for saying ‘yes’ or ’no’ when considering the question: is H0 false? To make this decision,
we generally decide on some probability ↵ where if pval 6 ↵ we reject H0, i.e. we decide
that H0 is not correct. Where we set ↵ is quite arbitrary (and as we shall see, depends on
what trade-o↵s we want to make in our hypothesis testing framework) but it is often the
case that we set this value reasonably low to values such as ↵ = 0.05 or ↵ = 0.01. Note
that in our example, a given value of ↵ corresponds to a specific value of X, which we will
designate c↵, the critical value:

↵ =

Z 1

c↵

fX(x)dx (6)

where for ↵ = 0.05, we have c↵ = 1.65 in our example (see class for a diagram). To use ↵

(and c↵), we pre-define this value (i.e. ↵ = 0.05) and we reject H0 if our p-value is below
this value (i.e. or equivalently x1 > c↵ in this case) and we cannot reject H0 if our p-value
is not below this value. Note that we can interpret ↵ = 0.05 as a probability of 0.05 that
we would have obtained the value of our statistic or more extreme by chance, so even if
our p-value is less than ↵, we cannot reject H0 with absolute certainty.

Now, in our example, we have considered a case where we reject the null hypothesis if
our statistic is (equal to) or greater than a particular value. This is an example of a one-
sided test. We might want to construct a one-sided test if we think from our previous
experience that, if H0 : µ = 0 is wrong, and the true value of µ is going to be positive (or
we only case about cases where µ is positive). In general, for one-sided tests if we have
a continuous statistic T (X = x) that could take values from (+1,�1) we can define a
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(see class for a diagram). We can also calculate the probability ⇥ that we will incorrectly,
not reject H0:

⇥ =

� c↵

�1
fX(x|µ = 1,⌅2 = 1)dx (13)

We can similarly construct these for a two-tailed test for a case where we knew the true
value of µ (which we will never know in practice). We call 1� ⇥ is the power of the test,
i.e. the probability of making the correct decision given that H0 is false. In general, for a
test statistic with a continuous distribution, a one sided test, and (unbeknownst to us) the
true parameter has value ⇤ = w, the power is:

1� � =

� c↵

�1
Pr(T (x)|⇤ = c)dT (x) (14)

� =

� 1

c↵

Pr(T (x)|⇤ = c)dT (x) (15)

⇥ =
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�1
Pr(T (x)|⇤)dT (x) (16)

1� ⇥ =

� 1

c↵

Pr(T (x)|⇤)dT (x) (17)

and for a two sided test:

1� ⇥ =

� �c↵

�1
Pr(T (x)|⇤ = w)dT (x) +

� 1

c↵

Pr(T (x)|⇤ = w)dT (x) (18)

A few comments:

1. ⇥ is the type II error of the test, i.e. the probability of making the incorrect decision
do not reject H0, given that H0 is false.

2. Unlike the case of �, the type I error (and 1-�), which we know exactly (and set),
we will never know the true value of 1� ⇥, the power (or ⇥, the type II error), since
these depend on the true value of the parameters, which are unknown to us.

3. However, we can use strategies to set up our hypothesis tests in ways where we can
control power and type II error compared to other alternative ways of setting up
hypothesis tests (as we will see below and discuss next lecture).

With these concepts in hand, we can write out the following cases, which depend on the
two outcomes of a hypothesis test (we reject H0 or do not reject H0) and that depend on
the two possible cases: H0 is true or H0 is false:

H0 is true H0 is false
cannot reject H0 1-�, (correct) ⇥, type II error

reject H0 �, type I error 1� ⇥, power (correct)

7
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• We need one more concept to complete our formal introduction to 
hypothesis testing: the alternative hypothesis (HA)

• This defines the set (interval) of values that we are concerned with, 
i.e. where we suspect our true parameter value will fall if our H0 is 
incorrect, i.e. for our example above:

• A complete hypothesis testing setup includes both H0 and HA

• HA makes the concept of one- and two-tailed explicit

• REMINDER (!!): If you reject H0 you cannot say HA is true (!!)

Final general concept

Now, power is something that we in general discuss quite a bit because we often set up H0

as a ‘straw man’ and we are interested in the probability that we will get the right answer
if H0 is indeed false. A few comments on the dependencies of power:

1. Power depends on the true value of the parameter, i.e. how far it is from our H0 (see
class for diagram).

2. We can control power by setting � to di�erent values, e.g. the larger we set �, the
greater the power of the test. However, the trade-o� with setting � higher is that we
are giving ourselves a greater chance of making a type I error.

3. Power depends on whether we use a one-sided or two-sided test. For example, a
one-sided test may be more powerful than a two-sided test if we are sure that, if
H0 : µ = 0 is wrong, the true value of µ is (much) greater than zero. However, a
two-sided test may be more powerful if it is unclear what the true value of µ will be
if H0 : µ = 0 is false.

4. When we set up hypothesis tests optimally, power increases with increasing sample
size n.

As an example of this last point, let’s contrast our example where n = 1 with a case
where n is much larger. Let’s take the case where H0 : µ = 0, HA : µ > 0 and let’s
say that the true value of µ = 1. When n = 1, for our statistic T (x) =

�n
i xi we have

Pr(T (x)) � N(µ,⇥2 = 1). More generally for this statistic, (for n unrestricted) the

sampling distribution is Pr(T (x)) � N(µ, ⇥
2

n = 1
n). Thus, the variance of the sampling

distribution of our statistic gets smaller as our sample size increases. In the case where the
true value of µ = 1, this means that more of the true sampling distribution of our statistic
will be closer to one. This in turn means more of this distribution will be to the right of our
critical value c� as the sample size gets larger and, as a consequence, the power increases
as the sample size increases (see class for diagram).

3 Alternative Hypotheses

We now just need one more concept to complete our formal introduction to hypothesis
testing. The alternative hypothesis HA defines the set (interval) of values that we are
concerned with, which we suspect our parameter will fall in if H0 is not correct (=false).
For example, for our example case where we assume X � N(µ,⇥2), and where we are going
to do a one-sided test of H0 : µ = 0, we set up HA as follows:

HA : µ > 0 (1)

and we can similarly define HA for a two-sided test:

HA : µ ⇥= 0 (2)
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HA : µ > 0 (1)

and we can similarly define HA for a two-sided test:

HA : µ ⇥= 0 (2)

2



• Note that since we have induced a probability model on our r.v. -> 
sample -> statistic, and a p-value is a function on a statistic, we also 
have a probability distribution on our p-values

• This is the possible p-values we could obtain over an infinite number 
of different samples (sets of experimental trials)!

• This distribution is always (!!) the uniform distribution on [0,1] when 
the null hypothesis is true (!!) regardless of the statistic or 
hypothesis test:

be specific to a given example with associated assumptions, the probability of a p-value is
always the same. Specifically, a p-value has a uniform distribution over the interval [0, 1,
which we may write Pr(pval) ⇥ U [0, 1]. While we haven’t seen the uniform distribution
yet, this particular distribution is pretty intuitive, i.e. each interval of the same size over
zero to one has the same probability. Why would be define p-values in such a way? This
actually makes sense, since intuitively, regardless of the test we perform, we would like the
same formal way of assessing the results of the test. A p-value allow us to do this, e.g.
rejecting H0 when pval < � is the same regardless of the specific test we perform. We will
use the fact that p-values have a uniform distribution later in the course when we discuss
solutions to the multiple testing issue.

A few additional important concepts:

1. There are two possible outcomes of a hypothesis test: we reject H0 or we cannot
reject H0.

2. If we cannot reject H0, this does not mean that H0 is true. This is because we could
have obtained our low p-value by chance, even when H0 is true (even if unlikely).
While people often use ‘accept’ H0 for the case where we cannot reject H0, we will
not use this phrase in this class because of the confusion this can cause, i.e. ‘accept’
seems to imply that H0 is true.

3. � is called the type I error, which is the probability of incorrectly rejecting H0 by
chance when H0 is true.

4. 1� � is the probability of making the correct decision not to reject H0.

5. Note that we can control the level of �, and hence the type I error, by setting our
critical value to a particular value. This is because we know what the sampling
distribution of our statistic will be, when assuming a specific value of our parameter.

So far, we have considered the case where H0 is true. How about the case where the true
value is di�erent than our H0? To make the consequences of this clear, let’s consider our
example above of a normally distributed random variable, with ⌅2 = 1, a single observation
n = 1, and a one-sided hypothesis test: H0 : µ = 0. However, in this case, let’s say that
(unknown to us), the true value of µ = 1. In this case the probability of getting an
observation such as x1 = 2.5, where we reject H0 is not all that unlikely. In fact, if we
consider � = 0.05 (which means c� = 1.65) we can calculate the probability 1 � ⇥ of
rejecting H0:

1� ⇥ =

� �

c↵

fX(x|µ = 1,⌅2 = 1)dx (12)
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Understanding p-values...

• Inference - the process of reaching a conclusion about the true 
probability distribution (from an assumed family of probability 
distributions indexed by parameters) on the basis of a sample

• System, Experiment,  Experimental Trial, Sample Space, 
Sigma Algebra, Probability Measure, Random Vector, 
Parameterized Probability Model, Sample, Sampling 
Distribution, Statistic, Statistic Sampling Distribution,   
Estimator, Estimator Sampling distribution                                                                         
Null Hypothesis,   Sampling Distribution Conditional on 
the Null, p-value,  One-or-Two-Tailed,                                          
Type I Error,   Critical Value,   Reject / Do Not Reject          
1 - Type I,  Type II Error,  Power, Alternative Hypothesis



• Since there are an unlimited number of ways to define statistics, 
there are an unlimited number of ways to define hypothesis tests

• However, some are more “optimal” than others in terms of having 
good power, having nice mathematical properties, etc.

• The most widely used framework (which we will largely be 
concerned with in this class) are Likelihood Ratio Tests (LRT)

• Similar to MLE’s (and they include MLE’s to calculate the statistic!) 
they have a confusing structure at first glance, however, just 
remember these are simply a statistic (sample in, number out) that 
we use like any other statistic, i.e. with the number out, we can 
calculate a p-value etc.

Likelihood ratio tests I



• Likelihood Ratio Tests use a statistic with the following structure:

•               is the likelihood function

•                                     is the parameter that maximizes the 
likelihood given the sample restricted to the set of parameters 
defined by H0, which we symbolize by 

•                                     is the parameter that maximizes the 
likelihood given the sample restricted to the set of parameters 
defined by HA                or more usually the values 

• We will assume the following for the alternative set of hypotheses, 
for example:

Likelihood ratio tests II

Note the latter is often desirable since it considers all the other possible values that the
parameter could take but we can define HA for any interval we want, including a point,
and we do this in some special cases. These alternative hypotheses define how we construct
our p-values (and critical values) as shown above.

A few final comments that connects HA to the points we have discussed:

1. A complete set-up of a hypothesis test includes both the definition of H0 and HA,
where both are involved in the definition of the p-value.

2. We can make the concepts of one-tailed and two-tailed hypotheses explicit by defining
the alternative hypothesis (HA).

3. If we can reject H0, this does not mean that HA is true, because we can never be
absolutely certain that H0 is false.

4. The power of the test 1�� is often phrased in terms of the probability of making the
correct decision given that H0 is false and HA is true. In our formalism, the power
is the probability that a particular value of HA is true.

From this point on, whenever we discuss a null hypothesis H0, we will also pair it with (at
least) one alternative hypothesis HA.

4 Likelihood Ratio Tests

There are an unlimited number of ways to define hypothesis tests. However, some ap-
proaches are more ‘optimal’ than others in terms of having good power, etc. In this class,
we will focus on the most widely used framework for constructing hypothesis tests: Likeli-
hood Ratio Tests (LRT). Even in your basic statistics class, you have run across these in
some form, e.g. a t-test is a LRT. In general, LRT are used in the form of the likelihood
ratio or a transformed likelihood ration (see below). To begin, let’s consider an example
LRT that is the likelihood ratio ⇥, defined (in general) as follows:

⇥ =
L(⇥̂0|X = x)

L(⇥̂1|X = x)
(3)

where L(⇥|X = x) is the likelihood function,⇥̂0 = argmax���0L(⇥|X = x) is the parameter
value that maximizes the likelihood of the sample restricted to set of parameter values
described by the null hypothesis �0, and ⇥̂1 = argmax���1L(⇥|X = x) is similarly defined,
restricted to the set of parameters either �1 = �A the entire range of possible values of the
parameter under HA or �1 = �A⌅�0, i.e. the entire range of values under the null and
alternative hypotheses. Note that for most of the cases we will consider, we will assume
HA : ⇥ ⇥ �c

0, the complement to the set �0 (e.g. if H0 : µ = c then HA : µ ⇤= c) and we will
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• Again, consider our simplified normal r.v. with sample n 

• The likelihood is:

• and the LRT statistic for                    is:

• where we have:

Likelihood ratio tests III
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• Remember, to calculate a p-value, we need to know the sampling distribution 
under the null (NOTE likelihood ratio tests are two-sided tests!)

• If we consider the following transformation:

• It turns out that, under conditions that often apply, as the sample size                  
the sampling distribution of this statistic under the null approaches (in the specific 
case on the last slide, the d.f. = k = 1!!):

Likelihood ratio tests IV

the LRT for our sample and we would calculate the p-value, which is calculated from the
sampling distribution of the LRT conditional on H0 being true Pr(LRT |H0 : µ = 0), which
in this case is Pr(LRT |H0 : µ = 0) ⇥ N(0, 1). For our particular example, it is easy to
draw the distribution (see class for diagram) and define c�

We often see a di⇤erent ‘transformed’ version of the LRT defined as follows:

LRT = �2ln⇥ = �2ln

�
L(�̂0|X = x)

L(�̂1|X = x)

⇥
(9)

While the structure of this test statistic can look confusing, keep in mind that it still works
just like any other test statistic, i.e. it is simply a function of a sample LRT = T (X = x),
where we get a value of the LRT, which we use to calculate a p-value and make a
decision about rejecting or not rejecting our H0. It turns out that this is a particu-
larly convenient form of the LRT, since under certain conditions (e.g. smoothness of
the likelihood function), as n approaches infinite (n ⇤ ⌅) the probability distribution
Pr(LRT |H0 : � = c) ⇤ ⇥2

d.f.=1, i.e. a chi squared distribution with one ‘degree of freedom’
(where d.f. is more generally the dimension of � minus the dimension of �0). We have not
yet discussed the structure of ⇥2 distributions. The formula for these does not provide any
deep intuition, so it is probably better to take a look at the ‘shape’ of the pdf’s of these
distributions for di⇤erent degrees of freedom, to get an idea of their structure (take a look
at wikipedia).

A few comments about LRT’s:

1. Note that, as with may hypothesis tests, with LRT we are estimating parameters
to construct this test statistic. Parameter estimation is therefore often a critical
component of hypothesis testing.

2. Part of the reason LRT’s are a desirable statistic derives from the Neyman-Pearson
Lemma, which intuitively states that if H0 and HA are simple (i.e. they both are
equal to a constant), then LRT’s are the most powerful tests that can be constructed.
We are almost never dealing with a case where our HA is simple, but it is often the
case that LRTs are powerful tests.

3. In many common statistical tests, the LRT (under H0) has an exact (known) distri-
bution. For example, most of the tests that you have seen in your introductory statis-
tics classes, including t-tests and F-tests (which you may have used for ANOVAs)
are LRTs.

4. Even when we cannot derive the exact sampling distribution of the LRT under H0,
the sampling distribution of the LRT (under H0) approaches a chi-square distribution
(for a relatively broad set of conditions that we often assume apply), i.e. even in cases

5
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• There is a difference between a sampling distribution (under the null) that 
approaches a distribution as                  and a case where we know the exact 
distribution for any size n (i.e., for the former, the null distribution is approximate)

• Why use a test statistic where the distribution under the null is approximate 
(since we need to know this distribution to do the hypothesis test!)?

• The approximation is very close even for moderate sized n

• An LRT is a very versatile way of constructing a hypothesis test with “good” 
properties for many types of cases 

• Even better, for some specific tests, the sampling distribution under the null for 
ANY sample size n is known exactly for a specified transformation of the 
likelihood ratio statistic

• Note that this is the case for many of the tests you are familiar with (t-tests, F-
tests, tests of the linear regression slope, etc.), that is, these tests are forms of 
likelihood ratio test statistic!!!

Likelihood ratio tests V
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Genetic system 1

• We will reduce the complexity of a genetic system to two 
components: the genome (the inherited DNA possessed by an 
individual) and the phenotype (an aspect we measure)

• In quantitative genetics we are interested in positions in the 
genome where differences produce a difference in phenotype

• These differences were originally a result of a mutation



Genetic system 1I

• mutation - a change in the DNA sequence of a genome

• In a population of individuals (broadly defined), all differences in the 
genomes among the individuals were originally due to mutations

• Note: for our purposes, regardless of the cause of a mutation, we 
consider any difference produced in a genome that is passed on (or could 
be passed on) to the next generation to be a mutation

• For example, a SNP (Single Nucleotide Polymorphism; = A, G, C, T 
difference), Indels, microsatellites, etc.

• Also note that we will ignore the physical structure of a mutation (e.g. 
SNP, Indel, etc.) and quantify differences as Ai, Aj, etc.

• More specifically, we will be concerned with causal mutations, cases 
where the difference in genome is responsible for a difference in 
phenotype



Genetic system III

• causal mutation - a position in the genome where an experimental 
manipulation of the DNA would produce an effect on the phenotype 
under specifiable conditions

• Formally, we may represent this as follows:

• Note: that this definition considers “under specifiable” conditions” so the 
change in genome need not cause a difference under every manipulation 
(just under broadly specifiable conditions)

• Also note the symmetry of the relationship

• Identifying these is the core of quantitative genetics/genomics (why do we 
want to do this!?) 

• What is the perfect experiment?

• Our experiment will be a statistical experiment (sample and inference!)

Pr(X = x) = Pr(X1 = x1, X2 = x2, ..., Xn = xn) = PX(x) or fX(x)

MLE(p̂) =
1

n

nX

i=1

xi (8)

MLE(µ̂) = x̄ =
1

n

nX

i=1

xi (9)

A1 ! A2 ) �Y |Z (10)
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The statistical model 1

• We will make the following assumptions about the system:

• At least one causal mutation affecting the phenotype of interest 
has occurred during the history of the population

• At the locus (position) where the mutation occurred, there are 
at least two alleles (states of DNA) among individuals in the 
population (i.e. one is the original state, the other is the 
mutation)

• polymorphism - the existence of more than one allele at a 
locus

• These differences were originally a result of a mutation



The statistical model II

• For most of this class, we will be discussing diploid systems (i.e. 
cases where individuals have two copies of a chromosome), which 
are sexual (i.e. offspring are produced that have a genome that is a 
copy of half of the mother’s and half of the father’s genome), and 
we will be considering polymorphisms that only have two alleles 
(e.g. A1 and A2)

• However, note that the formalism easily extends to ANY genetic 
system (bacteria, tetraploids, cancer, etc.)

• We are also largely going to consider a natural experiment (i.e. our 
sample will be selected from an existing set of individuals in 
nature), although again, the formalism extends to controlled 
experiments as well (!!)



That’s it for today

• Next lecture (Tues, March 7), we will begin our discussion of 
quantitative genetic inference!


