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Lecture 16: Introduction to GWAS



Announcements

• Homework #4

• Due 11:59pm March 27

• We will cover the last topics you need for QUESTION #2 during this 
lecture and next (!!)

• Next week you will have you Midterm Exam (!!)

• Available Weds (March 29)

• Due 11:59pm Fri (March 31)

• If you prepare ahead of time (!!) it should only take you a few hours to 
complete!





Summary of lecture 16: Introduction 
to GWAS

• Last lecture, we completed our discuss of genetic inference 
for a single position in the genome (e.g., SNP)

• Today, we will begin discuss GWAS!
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Review: Genetic system

• causal mutation - a position in the genome where an experimental 
manipulation of the DNA would produce an effect on the phenotype 
under specifiable conditions

• Formally, we may represent this as follows:

• Note: that this definition considers “under specifiable” conditions” so the 
change in genome need not cause a difference under every manipulation 
(just under broadly specifiable conditions)

• Also note the symmetry of the relationship

• Identifying these is the core of quantitative genetics/genomics (why do we 
want to do this!?) 

• What is the perfect experiment?

• Our experiment will be a statistical experiment (sample and inference!)

Pr(X = x) = Pr(X1 = x1, X2 = x2, ..., Xn = xn) = PX(x) or fX(x)

MLE(p̂) =
1
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nX
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Review: Genetic estimation

• Let’s look at the structure of this estimator:

Using matrix notation, matrix multiplication, and matrix addition, we can re-write this as:
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which we can write using the following compact matrix notation:

y = x� + ⇥ (14)

for a specific sample and
Y = X� + ⇥ (15)

for an arbitrary sample, where the � and ⇥ here are vectors.

Recall that there are true values of � = [�µ,�a,�d] that describe the true relationship
between genotype and phenotype (specifically the true genotypic values), which in turn
describe the variation in Y in a given sample of size n, given genotype states X. Just as
with our general estimation framework, we are interested in defining a statistic (a function
on a sample) that takes a sample as input and returns a vector, where the elements of the
vector provide an estimate of �, i.e. we will define a statistic T (y,xa,xd) = �̂ = [�̂µ, �̂a, �̂d].
More specifically we will define a maximum likelihood estimate (MLE) of these parameters
(again, recall that for all the complexity of how MLE’s are calculated, they are simply
statistics that take a sample as an input and provide an estimator as an output). We will
not discuss the derivation of the MLE for the � parameters of a multiple regression model
(although it is not that di⇥cult to derive), but will rather just provide the form of the MLE.
Note that this MLE has a simple form, such that we do not have to go through the process
of maximizing a likelihood, rather, we can write down a simple formula that provides an
expression that we know is the (single) maximum of the likelihood of the regression model.

With the vector and matrix notation introduced above, we can write the MLE as follows:

MLE(�̂) =

�

⇤
�̂µ
�̂a
�̂d

⇥

⌅

where the formula is as follows:

MLE(�̂) = (XTX)�1XTY (16)

As a side-note, this is also the ‘least-squares’ estimate of the regression parameters and
the ‘Best Linear Unbiased Estimate’ (BLUE) of these parameters, i.e. several statistics
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2 Hypothesis testing with the regression model

As a reminder, our inference goal in quantitative genomics is to test the following null
hypothesis for a multiple regression model: Y = �µ +Xa�a +Xd�d + ✏ with ✏ ⇠ N(0,�2

✏ ),
which we use to assess whether there is an e↵ect of a polymorphism on a phenotype:

H0 : �a = 0 \ �d = 0 (1)

HA : �a 6= 0 [ �d 6= 0 (2)

To do this, we will construct a likelihood ratio test (LRT) with an exact distribution (in
this case, an F-test). We will not go into the details of how this test is derived, but remem-
ber that this has the same form as any LRT that we discussed in a previous lecture (and
remember that a LRT works like any other statistic, i.e. it is a function on a sample that
produces a value that we then use to determine a p-value!!). We will however consider the
components of an F-statistic so we know how to calculate it and perform our hypothesis
test.

To construct this LRT, we need the maximum likelihood estimates of the regression pa-
rameters:

MLE(✓̂) =

2

4
�̂µ

�̂a

�̂d

3

5

where recall from last lecture, this has the following form:

MLE(✓̂) = (XTX)�1XTY (3)

MLE(�̂) = (xTx)�1xTy (4)

With these estimates, we can construct the predicted phenotypic value ŷi for an individual
i in a sample:

ŷi = �̂µ + xi,a�̂a + xi,d�̂d (5)

where the parameter estimates are the MLE. We will next define two functions of the
predicted values. The first is the sum of squares of the model (SSM):

SSM =
nX

i=1

(ŷi � y)2 (6)

where y = 1
n⌃

n
i yi is the mean of the sample. The second is the sum of squares of the error

(SSE):

SSE =
nX

i=1

(yi � ŷi)
2 (7)
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Review Genetic hypothesis testing
• We are going to test the following hypothesis:

• To do this, we need to construct the following test statistic (for which 
we know the distribution!):

• Specifically, we are going to construct a likelihood ratio test (LRT)

• This is calculated using the same structure that we have discussed (i.e. 
ratio of likelihoods that take values of parameters maximized under 
the null and alternative hypothesis)

• In the case of a regression (not all cases!) we can write the form of 
the LRT for our null in an alternative (but equivalent!) form

• In addition, our LRT has an exact distribution for all sample sizes n (!!)

think of there being a plane that we would draw through these points where the slope
of the plane in the z-axis along the x-axis would be �a and the slope of the plane along
the y-axis would be �d, i.e. the we are projecting the values of the phenotypes into three
dimensions and the multiple regression defines a plane through the points in these three
dimensions.

For this regression model (where we are assuming a probability model of the form Pr(Y |X))
we have four parameters ✓ =

⇥
�µ,�a,�d,�

2
✏

⇤
. We are interested in a case where in the true

probability model Cov(X,Y ) 6= 0, which corresponds to any case where �a 6= 0 or �d 6= 0
(�µ and �

2
✏ may be any value). As we will discuss, the way we are going to assess whether a

genotype is a causal polymorphism, i.e. by performing a hypothesis test with the following
null and alternative hypotheses:

H0 : �a = 0 \ �d = 0 (24)

HA : �a 6= 0 [ �d 6= 0 (25)

Note that intuitively, if we reject this null hypothesis, there is a relationship between the
phenotype Y and the genotype possessed by an individual, i.e. the definition of a causal
polymorphism. Also, note that cases where �a 6= 0 or �d = 0 and �a = 0 and �d 6= 0 are
such cases (where the first defines a straight line through the mean of the phenotypes asso-
ciated with each genotype and the latter defines a case where the mean of the heterozygotes
A1A2 is greater than the homozygotes). In genetic terms, a case where �d = 0 is a (purely)
additive case and any case where �d 6= 0 is a case of ‘dominance’, i.e. a case where the
mean phenotype associated with the heterozygote genotype is not mid-way between the
means of the phenotypes associated with the homozygote genotypes (a case where �a = 0
and �d 6= 0 is an example of ‘overdominance’ or ‘underdominance’).

Note section 4 on ‘quantitative genetic notation’ has been moved to the notes for next
lecture (lecture 10).
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Using matrix notation, matrix multiplication, and matrix addition, we can re-write this as:
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between genotype and phenotype (specifically the true genotypic values), which in turn
describe the variation in Y in a given sample of size n, given genotype states X. Just as
with our general estimation framework, we are interested in defining a statistic (a function
on a sample) that takes a sample as input and returns a vector, where the elements of the
vector provide an estimate of �, i.e. we will define a statistic

T (y,xa,xd) = �̂ = [�̂µ, �̂a, �̂d]

T (y,xa,xd|H0 : �a = 0 \ �d = 0)

Pr(T (y,xa,xd|H0 : �a = 0 \ �d = 0))

Pr(T (y,xa,xd|H0)

More specifically we will define a maximum likelihood estimate (MLE) of these parameters
(again, recall that for all the complexity of how MLE’s are calculated, they are simply
statistics that take a sample as an input and provide an estimator as an output). We will
not discuss the derivation of the MLE for the � parameters of a multiple regression model
(although it is not that di�cult to derive), but will rather just provide the form of the MLE.
Note that this MLE has a simple form, such that we do not have to go through the process
of maximizing a likelihood, rather, we can write down a simple formula that provides an
expression that we know is the (single) maximum of the likelihood of the regression model.
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Review: Genetic hypothesis testing
• To construct our LRT for our null, we will need several components, first the 

predicted value of the phenotype for each individual:

• Second, we need the “Sum of Squares of the Model” (SSM) and the “Sum of 
Squares of the Error” (SSE):

• Third, we need the “Mean Squared Model” (MSM) and the “Mean Square 
Error” (MSE) with degrees of freedom (df)                                and                           
:   

• Finally, we calculate our (LRT!) statistic, the F-statistic with degrees of 
freedom [2, n-3]:

that use di�erent approaches for defining an estimator have the same answer for a multiple
regression model. With these estimates, we can construct the predicted phenotypic value
yi for and individual i in a sample:

ŷi = �̂µ + xi,a�̂a + xi,d�̂d (17)

where the parameter estimates are MLE. Note that the ‘hat’ notation for the predicted
value is a little odd, since yi is not a parameter we estimate, but given that the predicted
value is a function of the estimates of parameters, you can see the origin of this notation.
We will use predicted values next lecture when we construct a statistic for performing a
hypothesis test using the multiple regression model.
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ŷi = �̂µ + xi,a�̂a + xi,d�̂d (4)

where the parameter estimates are the MLE. We will next define two functions of the
predicted values. The first is the sum of squares of the model (SSM):

SSM =
nX

i=1
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We will next use these two expressions to define two corresponding functions: the mean

square model (MSM) and the mean square error (MSE) terms. These later functions
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We will next use these two expressions to define two corresponding functions: the mean

square model (MSM) and the mean square error (MSE) terms. These later functions
depend on the concept of degrees of freedom (df). Degrees of freedom have a rigorous jus-
tification that you will encounter in an advanced statistics course. In this course, we will
not consider this justification or a deep intuition as to what df represent. For our purposes,
it is enough to be able to calculate the df for our model and for our error. For our model,
we determine df as the total number of � parameters in our model (three in this case: �µ,
�a, and �d) minus one for the estimate of y such that df(M) = 3 � 1 = 2. For our error,
the df is the total sample n minus the one for each of the three � parameters estimated in
the regression model such that df(E) = n� 3. Note that this approach for determining df
works for any model. For example, if we were to consider a regression model with just �µ
and �a (and no �d), we would have df(M) = 2� 1 and df(E) = n� 2.

With these terms for df, we can now define MSM and MSE:

MSM =
SSM

df(M)
=

SSM

2
(8)

MSE =
SSE

df(E)
=

SSE

n� 3
(9)

and with these definitions, we can finally calculate our F-statistic:

F[2,n�3] =
MSM

MSE
(10)

where the distribution of an F-statistic depends on two numbers [2, n� 3]. Now, while it
seems very complex work to calculate an F-statistic, again, remember that this operates
like any other statistic in a hypothesis testing framework. The F-statistic is simply a
function on a sample, where we know the distribution of the F-statistic under the null
hypothesis H0 : �a = 0\ �d = 0 (which we can look up in a table). If our sample produces
a value for the F-statistic that is greater than some critical threshold c↵ corresponding to
a type I error ↵, we reject the null hypothesis. Again, note that F-tests (i.e. tests using
F-statistics) are LRT where we know the exact distribution under the null hypothesis.

3 Alternative linear models for testing the same null hy-

pothesis

So far we have used a multiple regression formulation to test the null hypothesis that a
given polymorphism is not a causal polymorphism:

Y = �µ +Xa�a +Xd�d + ✏ (11)
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seems very complex work to calculate an F-statistic, again, remember that this operates
like any other statistic in a hypothesis testing framework. The F-statistic is simply a
function on a sample, where we know the distribution of the F-statistic under the null
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a value for the F-statistic that is greater than some critical threshold c↵ corresponding to
a type I error ↵, we reject the null hypothesis. Again, note that F-tests (i.e. tests using
F-statistics) are LRT where we know the exact distribution under the null hypothesis.

3 Alternative linear models for testing the same null hy-

pothesis
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given polymorphism is not a causal polymorphism:
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function on a sample, where we know the distribution of the F-statistic under the null
hypothesis H0 : �a = 0\ �d = 0 (which we can look up in a table). If our sample produces
a value for the F-statistic that is greater than some critical threshold c↵ corresponding to
a type I error ↵, we reject the null hypothesis. Again, note that F-tests (i.e. tests using
F-statistics) are LRT where we know the exact distribution under the null hypothesis.

3 Alternative linear models for testing the same null hy-

pothesis

So far we have used a multiple regression formulation to test the null hypothesis that a
given polymorphism is not a causal polymorphism:

Y = �µ +Xa�a +Xd�d + ✏ (11)

3

Pr(X = x) = Pr(X1 = x1, X2 = x2, ..., Xn = xn) = PX(x) or fX(x)

MLE(p̂) =
1

n

nX

i=1

xi (8)

MLE(µ̂) = x̄ =
1

n

nX
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xi (9)

A1 ! A2 ) �Y |Z (10)

gi = AjAk (11)

2.1� 0.3 + (0)(�0.2) + (1)(1.1) + 0.7 (12)

SSE =
nX

n=1

(yi � ŷi)
2 (13)
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Review: Genetic hypothesis testing
• In general, the F-distribution (continuous random variable!) under 

the H0 has variable forms that depend on d.f.:

• Note when calculating a p-value for the genetic model, we consider 
the value of the F-statistic we observe or more extreme towards 
positive infinite (!!) using the F-distribution with [2,n=3] d.f.

• However, also this is actually a two-tailed test (what is going on 
here (!?)



Review: Quantitative genomic 
analysis I

• We now know how to assess the null hypothesis as to 
whether a polymorphism has a causal effect on our 
phenotype

• Occasionally we will assess this hypothesis for a single 
genotype

• In quantitative genomics, we generally do not know the 
location of causal polymorphisms in the genome

• We therefore perform a hypothesis test of many genotypes 
throughout the genome

• This is a genome-wide association study (GWAS)
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• Analysis in a GWAS raises (at least) two issues we have not 
yet encountered:

• An analysis will consist of many hypothesis tests (not just 
one)

• We often do not test the causal polymorphism (usually)

• Note that this latter issue is a bit strange (!?) - how do we 
assess causal polymorphisms if we have not measured the 
causal polymorphism?

• Also note that causal genotypes will begin to be measured 
in our GWAS with next-generation sequencing data (but 
the issue will still be present!)

Review: Quantitative genomic 
analysis II



Review: Correlation among 
genotypes

Copyright: Journal of Diabetes and its Complications; Science 
Direct; Vendramini et al 

• If we test a (non-causal) 
genotype that is correlated with 
the causal genotype AND if 
correlated genotypes are in the 
same position in the genome 
THEN we can identify the 
genomic position of the casual 
genotype (!!)

• This is the case in genetic 
systems (why!?)

• Do we know which genotype is 
causal in this scenario?



• Mapping the position of a causal polymorphism in a GWAS requires there 
to be LD for genotypes that are both physically linked and close to each 
other AND that markers that are either far apart or on different 
chromosomes to be in equilibrium

• Note that disequilibrium includes both linkage disequilibrium AND other 
types of disequilibrium (!!), e.g. gametic phase disequilibrium

Chr. 1

A B C

Chr. 2

D

equilibrium, linkage

equilibrium, 
no linkage

LD

Linkage Disequilibrium



Population Genetic Causes of LD 
(in human populations)

• The major factors responsible for patterns of LD in human 
populations are:

• (1) Independent assortment of chromosomes

• (2) “Random” mating

• (3) Recombination

• Note (!!): this is the answer considering EXISTING variation in 
a population and therefore no MUTATION or MIGRATION

• Note that these factors explain LD in many other populations 
as well but there can be differences that lead to different 
patterns of LD (e.g., in natural populations, in breeding 
populations etc.)



Different chromosomes I
• Polymorphisms on different chromosomes tend to be in 

equilibrium because of independent assortment and random 
mating, i.e. random matching of gametes to form zygotes

Copyright: http://geneticssuite.net/node/21

http://www.doctortee.com


Different chromosomes II
• Polymorphisms on different chromosomes tend to be in 

equilibrium because of independent assortment and random 
mating, i.e. random matching of gametes to form zygotes



Different chromosomes III

• More formally, we represent independent assortment as:

• For random pairing of gametes to produce zygotes:

• Putting this together for random pairing of gametes to 
produce zygotes we get the conditions for equilibrium:

and 13) a gamete will have the same probability of having one of the ‘four’ chromosomes
from chromosome 11 and one of the ‘four’ chromosomes from chromosome 13. Now if we
assume all gametes in the population are produced this way, the frequency of a particular
gamete in the population with alleles Ai and Bk will be
Pr(AiBk) = Pr(Ai)Pr(Bk)

i.e. the frequency of a gamete is the product of the frequency of each allele, and the
same for all other allele combinations in gametes. If we now assume random mating then
the probability of any two specific gametes in the population fusing to produce an o↵spring
is the same and the frequency of a genotype produced by two gametes mating is:

fr(AiBk)fr(AjBl) = fr(Ai)fr(Bk)fr(Aj)fr(Bl) = fr(AiAj)fr(BkBl) = fr(AiAjBkBl)
(9)

Pr(AiBkAjBl) = Pr(AiBk)Pr(AjBl) (10)

Pr(AiBkAjBl) = Pr(AiBk)Pr(AjBl) = Pr(Ai)Pr(Bk)Pr(Aj)Pr(Bl) = Pr(Ai, Aj)Pr(Bk, Bl)
(11)

where again this is for all combinations of i, j, k, l = 1 or 2. Thus, if we considered two
markers, one on each chromosome, the states of the genotypes at these markers will also
be independent. Since independence implies a correlation of zero, we expect markers on
di↵erent chromosomes to be uncorrelated (see class notes for a diagram).

Next let’s consider markers on the same chromosome. For this part, we will take the
opposite strategy and show how markers that are close together are highly correlated (non-
independent) and the further markers are located from each other physically, the greater
the probability of a recombination event, which increases their independence. In sexual,
diploid organisms where there is recombination, sections of a chromosome are swapped
between two chromosomes that end up in gametes (see class notes for a diagram). Since
the more recombination, the more genotypes of two markers are ‘mixed up’, more recombi-
nation tends to lower the correlation between markers. As an illustrative example, consider
an extreme case where A1 and B1 always occur together on a chromosome and where A2

and B2 always occur together, i.e. fr(A1B1) 6= 0, fr(A2B2) 6= 0, and the frequency of
all other genotypes is zero. This is a case of a perfect correlation between XA and XB

genotypes such that |corr(XA, XB)| = 1, intuitively if A1 occurs, this means B1 occurs
and vice versa with A2 and B2. However, if there is a recombination event between these
markers, as well as A1�B1 and A2�B2 chromosomes in the population, we will also have
A1 �B2 and A2 �B1. Now, A1 does not always occur with B1 and as a consequence, the
correlation between markers A and B is now less than one. As more recombination events
occur, the (absolute) correlation continues to decrease until |corr(XA, XB)| = 0. Now,
in genetic systems, more recombination events happen between markers that are further
apart on a chromosome (a consequence of the biological process of recombination). As a
consequence, there is more recombination and therefore lower correlation between markers
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H0 : Cov(Xa, Y ) = 0 ⇧ Cov(Xd, Y ) = 0 (35)

HA : Cov(Xa, Y ) ⇤= 0 ⌅ Cov(Xd, Y ) ⇤= 0 (36)

H0 : �a = 0 ⇧ �d = 0 (37)

HA : �a ⇤= 0 ⌅ �d ⇤= 0 (38)

F�statistic = f(�) (39)

�µ = 0,�a = 4,�d = �1,⇥2
� = 1 (40)

�̂�
a = 0, �̂�

d = 0 (41)

�̂�
a = �a, �̂

�
d = �d (42)

Pr(A1, A1) = Pr(A1)Pr(A1) = p2 (43)

Pr(A1, A2) = Pr(A1)Pr(A2) = 2pq (44)

Pr(A1, A1) = Pr(A2)Pr(A2) = q2 (45)

⇥ (Corr(Xa,A, Xa,B) = 0) ⇧ (Corr(Xa,A, Xd,B) = 0) (46)

⇧(Corr(Xd,A, Xa,B) = 0) ⇧ (Corr(Xd,A, Xd,B) = 0) (47)
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= Pr(Ai)Pr(Aj)Pr(Bk)Pr(Bl) = Pr(AiAj)Pr(BkBl) (52)
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Same chromosome I
• For polymorphisms on the same chromosome, they are linked so 

if they are in disequilibrium, they are in LD

• In general, polymorphisms that are closer together on a 
chromosome are in greater LD than polymorphisms that are 
further apart (exactly what we need for GWAS!)

• This is because of recombination, the biological process by which 
chromosomes exchange sections during meiosis

• Since recombination events occur at random throughout a 
chromosome (approximately!), the further apart two 
polymorphisms are, the greater the probability of a recombination 
event between them

• Since the more recombination events that occur between 
polymorphisms, the closer they get to equilibrium, this means 
markers closer together tend to be in greater LD



Same chromosome II

• In diploids, recombination 
occurs between pairs of 
chromosomes during 
meiosis (the formation of 
gametes)

• Note that this results in 
taking alleles that were 
physically linked on 
different chromosomes 
and physically linking them 
on the same chromosome



• To see how recombination events tend to increase equilibrium, consider an extreme 
example where alleles A1 and B1 always occur together on a chromosome and A2 
and B2 always occur together on a chromosome:

• If there is a recombination event, most chromosomes are A1-B1 and A2-B2 but now 
there is an A1-B2 and A2-B1 chromosome such that:

• Note recombination events disproportionally lower the probabilities of the more 
frequent pairs!

• This means over time, the polymorphisms will tend to increase equilibrium (decrease 
LD)

• Since the more recombination events, the greater the equilibrium, polymorphisms that 
are further apart will tend to be in greater equilibrium, those closer together in 
greater LD 

Same chromosome III

and 13) a gamete will have the same probability of having one of the ‘four’ chromosomes
from chromosome 11 and one of the ‘four’ chromosomes from chromosome 13. Now if we
assume all gametes in the population are produced this way, the frequency of a particular
gamete in the population with alleles Ai and Bk will be
Pr(AiBk) = Pr(Ai)Pr(Bk)

i.e. the frequency of a gamete is the product of the frequency of each allele, and the
same for all other allele combinations in gametes. If we now assume random mating then
the probability of any two specific gametes in the population fusing to produce an o↵spring
is the same and the frequency of a genotype produced by two gametes mating is:

fr(AiBk)fr(AjBl) = fr(Ai)fr(Bk)fr(Aj)fr(Bl) = fr(AiAj)fr(BkBl) = fr(AiAjBkBl)
(9)

Pr(AiBkAjBl) = Pr(AiBk)Pr(AjBl) (10)

Pr(AiBkAjBl) = Pr(AiBk)Pr(AjBl) = Pr(Ai)Pr(Bk)Pr(Aj)Pr(Bl) = Pr(Ai, Aj)Pr(Bk, Bl)
(11)

where again this is for all combinations of i, j, k, l = 1 or 2. Thus, if we considered two
markers, one on each chromosome, the states of the genotypes at these markers will also
be independent. Since independence implies a correlation of zero, we expect markers on
di↵erent chromosomes to be uncorrelated (see class notes for a diagram).

Next let’s consider markers on the same chromosome. For this part, we will take the
opposite strategy and show how markers that are close together are highly correlated (non-
independent) and the further markers are located from each other physically, the greater
the probability of a recombination event, which increases their independence. In sexual,
diploid organisms where there is recombination, sections of a chromosome are swapped
between two chromosomes that end up in gametes (see class notes for a diagram). Since
the more recombination, the more genotypes of two markers are ‘mixed up’, more recombi-
nation tends to lower the correlation between markers. As an illustrative example, consider
an extreme case where A1 and B1 always occur together on a chromosome and where A2

and B2 always occur together, i.e.

Pr(A1B2) = 0, Pr(A2B1) = 0

Pr(A1A2B1B1) = 0, Pr(A1A1B1B2) = 0

Corr(XA1A2,⇤, X⇤,B1B1) = 0

Corr(XAiAj ,⇤, X⇤,BkBl) = 0
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D� = D
min(XA1B1 (A1B1),XA2B2 (A2B2))

if D < 0

D� = D
min(XA1B2 (A1B2),XA2B1 (A2B1))

if D > 0

r =
Cov(XAi

(Ai),XBj
(Bj))⇤

V ar(XAi
(Ai))

q
V ar(XBj

(Bj))

r = D⇤
V ar(XAi

(Ai))
q

V ar(XBj
(Bj))

Pr(A1, A1) = Pr(A1)Pr(A1) = Pr(XA1(A1))Pr(XA1(A1)) = p2

Pr(A1, A2) = Pr(A1)Pr(A2) = Pr(XA1(A1))Pr(XA2(A1)) = 2pq
Pr(A2, A2) = Pr(A2)Pr(A2) = Pr(XA2(A1))Pr(XA2(A1)) = q2

2. If two markers X and X � in a population are in H-W equilibrium, they are uncorre-
lated, i.e. Corr(X,X �) = 0.

Pr(AiBj , AkBl) = Pr(AiBj)Pr(AkBl) = Pr(XAiBj (AiBj))Pr(XAiBj (AiBj))

� Corr(Xa,A, Xa,B) = 0 OR Corr(Xd,A, Xd,B) = 0

Pr(XA1B1(A1B1), XA1B1(A1B1)) ⇥= Pr(XA1B1(A1B1))Pr(XA1B1(A1B1))

Pr(AiBj , AkBl) ⇥= Pr(AiBj)Pr(AkBl) � Corr(Xa,A, Xa,B) ⇥= 0

Pr(AiBj , AkBl) = Pr(AiBj)Pr(AkBl) � Corr(Xa,A, Xa,B) = 0

Corr(Xa,A, Xa,B) ⇥= 0

Corr(Xa,A, Xa,B) ⇥= 1

Corr(Xa,A, Xa,B) = 1 AND Corr(Xd,A, Xd,B) = 1

where the former property is a consequence of the independent segregation of chromosomes
into gametes and the latter is a property of genotypes that are on distinct chromosomes
or genotypes that are ‘far apart’ on a chromosome, such that the probability of a re-
combination event between them each generation is one-half. So, from our discussion
above, independent assortment of chromosomes, random mating, and recombination tends
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• Mapping the position of a causal polymorphism in a GWAS requires there 
to be LD for genotypes that are both physically linked and close to each 
other AND that markers that are either far apart or on different 
chromosomes to be in equilibrium

• Note that disequilibrium includes both linkage disequilibrium AND other 
types of disequilibrium (!!), e.g. gametic phase disequilibrium

Chr. 1

A B C

Chr. 2

D

equilibrium, linkage

equilibrium, 
no linkage

LD

Linkage Disequilibrium (LD)



• Recall we the one coin flip example (how does the parameter of Bernoulli 
relate to MAF?):

• The following model for two coin flips maps perfectly on to the model of 
genotypes (e.g., represented as number of A1 alleles) under Hardy-
Weinberg equilibrium (e.g., for MAF = 0.5):

• Note that the model need not conform to H-W since consider the 
following model (we could use a multinomial probability distribution):

Side topic: connection coin flip 
models to allele / genotypes

Pr(X = x) = Pr(X1 = x1, X2 = x2, ..., Xn = xn) = PX(x) or fX(x)

MLE(p̂) =
1

n

nX

i=1

xi (8)

MLE(µ̂) = x̄ =
1

n

nX

i=1

xi (9)

A1 ! A2 ) �Y |Z (10)

gi = AjAk (11)

2.1� 0.3 + (0)(�0.2) + (1)(1.1) + 0.7 (12)

SSE =
nX

n=1

(yi � ŷi)
2 (13)

HA : �AjAk
6= �AlAm

(14)

Y = �
0
0 +X

0
a�

0
a +X

0
�
0
d + ✏ (15)

�
2 = 1 (16)

✓ (17)

⌦ = {H,T} (18)

X(H) = 0, X(T ) = 1 (19)
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The di⇥erences among di⇥erent models in a particular family therefore simply depends
on the specific values of the parameters.

To make this concept more concrete, let first consider the probability model for a dis-
crete random variable that can take only one of two values 0 or 1 (which could represent
‘Heads’ or ‘Tails’ for a coin sample space of ‘one flip’). In this case, our specific probability
model is the Bernoulli distribution, which is a function of a single parameter p:

Pr(X = x|p) = PX(x|p) = px(1� p)1�x (1)

Note that we use a conditional notation, since the specific probability model depends on
the value of the contant, e.g. a ‘fair coin’ probability model is a case where p = 0.5. The
parameter p can take values from [0, 1], so in our parameter notation, we have � = p and
� = [0, 1]. We will often use the following shorthand X ⇤ Bern(p) to indicate a random
variable that has a Bernoulli distribution.

Let’s now introduce a second probability model that we could use to model our ran-
dom variable describing the ‘number of Tails’ for our sample space of ‘two coin flips’
S = {HH,HT, TH, TT}. Recall that this random variable had the following structure:
X(HH) = 0, X(HT ) = 1, X(TH) = 1, X(TT ) = 2. We can simply represent this random
variable as a function of two random variables X1 ⇤ Bern(p) and X2 ⇤ Bern(p) if we set
X = X1 +X2. More generally, we could do this for a sample space for n flips of a coin if
we set X =

⇤n
i=1Xi. In this case, the probability model for X is a binomial distribution:

Pr(X = x|n, p) = PX(x|n, p) =
�
n

x

⇥
px(1� p)n�x (2)

which technically has two parameters (n, p) but we often consider sets of probability models
indexed by p for a specific n, i.e. we only consider the parameter p. For example, in our two
flip case, we have n = 2 and for these two flips, we can define a number of models including
the ‘fair coin’ model p = 0.5. Note that if you are unfamiliar with ‘choose’ notation, it is
defined as follows: �

n

x

⇥
=

n!

x!(n� x)!
(3)

n! = n ⇥ (n� 1) ⇥ (n� 2) ⇥ ... ⇥ 1 (4)

which intuitively accounts for the di⇥erent orderings that lead to the same number of
‘Tails’, e.g. in the two flip case, the ordering HT and TH produce the same number of
Tails. We use the following shorthand for the Binomial distribution: X ⇤ Bin(n, p).

Other important discrete distributions include the Hypergeometric, Geometric, and Pois-
son. We will discuss the former when we consider Fisher’s exact test. While we will not

2

3 Discrete random variables

To make the concept of a random variable more clear, let’s begin by considering discrete
random variables, where just as with discrete sample spaces, we assume that we can enu-
merate the values that the random variable can take, i.e. they take specific values we
can count such as 0, 1, 2, etc. and cannot take any value within an interval (although
note they can potentially take an infinite number of discrete states!). For example, for our
sample space of two coin flips S = {HH,HT, TH, TT}, we can define a random variable
X representing ‘number of Tails’:

X(HH) = 0, X(HT ) = 1, X(TH) = 1, X(TT ) = 2 (3)

This is something useful we might want to know about our sample outcomes and now we
can work with numbers as opposed to concepts like ‘HT’.

Since we have defined a probability function and a random variable on the same sam-
ple space S, we can think of the probability function as inducing a probability distribution
on the random variable. We will often represent probability distributions using PX(x) or
Pr(X = x), where the lower case ‘x’ indicates the specific value taken by the random
variable X. For example, if we define a ‘fair coin’ probability model for our two flip sample
space:

Pr(HH) = Pr(HT ) = Pr(TH) = Pr(TT ) = 0.25 (4)

given this probability model and the random variable defined in equation (3), we now have
the following probability distribution for X:

PX(x) = Pr(X = x) =

�
⇤

⇥

Pr(X = 0) = 0.25
Pr(X = 1) = 0.5
Pr(X = 2) = 0.25

(5)

where, again, we use lower case x to indicate a specific realization of the random variable
X. Note that it is implicit that a probability of zero is assigned to every other value of
X. Here, we have also introduced the notation PX(x) to indicate that this probability
distribution is a probability mass function or ‘pmf’, i.e. a probability distribution for a dis-
crete random variable. This is to distinguish it from a probability distribution defined on a
continuous random variable, which we will see is slightly di�erent conceptually. Intuitively,
the ‘mass’ part of this description can be seen when plotting this probability distribution
with the value taken by X on the X-axis and the probability on the Y-axis (see plot from
class). In this case the ‘mass’ of the probability is located at three points: 0, 1, and 2.

Now that we have introduced a pmf, let’s consider a related concept: the cumulative
mass function or ‘cmf’. When first introduced, it is not clear why we need to define cmf’s.
However, it turns out the cmf’s play an important role in probability theory and statistics,
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continuous random variable, which we will see is slightly di�erent conceptually. Intuitively,
the ‘mass’ part of this description can be seen when plotting this probability distribution
with the value taken by X on the X-axis and the probability on the Y-axis (see plot from
class). In this case the ‘mass’ of the probability is located at three points: 0, 1, and 2.

Now that we have introduced a pmf, let’s consider a related concept: the cumulative
mass function or ‘cmf’. When first introduced, it is not clear why we need to define cmf’s.
However, it turns out the cmf’s play an important role in probability theory and statistics,
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3 Discrete random variables

To make the concept of a random variable more clear, let’s begin by considering discrete
random variables, where just as with discrete sample spaces, we assume that we can enu-
merate the values that the random variable can take, i.e. they take specific values we
can count such as 0, 1, 2, etc. and cannot take any value within an interval (although
note they can potentially take an infinite number of discrete states!). For example, for our
sample space of two coin flips S = {HH,HT, TH, TT}, we can define a random variable
X representing ‘number of Tails’:

X(HH) = 0, X(HT ) = 1, X(TH) = 1, X(TT ) = 2 (3)

This is something useful we might want to know about our sample outcomes and now we
can work with numbers as opposed to concepts like ‘HT’.

Since we have defined a probability function and a random variable on the same sam-
ple space S, we can think of the probability function as inducing a probability distribution
on the random variable. We will often represent probability distributions using PX(x) or
Pr(X = x), where the lower case ‘x’ indicates the specific value taken by the random
variable X. For example, if we define a ‘fair coin’ probability model for our two flip sample
space:

Pr(HH) = Pr(HT ) = Pr(TH) = Pr(TT ) = 0.25 (4)

given this probability model and the random variable defined in equation (3), we now have
the following probability distribution for X:

PX(x) = Pr(X = x) =

�
⇤

⇥

Pr(X = 0) = 0.25
Pr(X = 1) = 0.5
Pr(X = 2) = 0.25

(5)

where, again, we use lower case x to indicate a specific realization of the random variable
X. Note that it is implicit that a probability of zero is assigned to every other value of
X. Here, we have also introduced the notation PX(x) to indicate that this probability
distribution is a probability mass function or ‘pmf’, i.e. a probability distribution for a dis-
crete random variable. This is to distinguish it from a probability distribution defined on a
continuous random variable, which we will see is slightly di�erent conceptually. Intuitively,
the ‘mass’ part of this description can be seen when plotting this probability distribution
with the value taken by X on the X-axis and the probability on the Y-axis (see plot from
class). In this case the ‘mass’ of the probability is located at three points: 0, 1, and 2.

Now that we have introduced a pmf, let’s consider a related concept: the cumulative
mass function or ‘cmf’. When first introduced, it is not clear why we need to define cmf’s.
However, it turns out the cmf’s play an important role in probability theory and statistics,
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For the specific probability function and random variables we have defined, this produces
the following PX1,X2(x1, x2):

Pr(X1 = 0, X2 = 0) = 0.0, P r(X1 = 0, X2 = 1) = 0.25
Pr(X1 = 1, X2 = 0) = 0.25, P r(X1 = 1, X2 = 1) = 0.25
Pr(X1 = 2, X2 = 0) = 0.25, P r(X1 = 2, X2 = 1) = 0.0

(18)

where Pr(X1 = x1, X2 = x2) = Pr(X1 ⇤X2), etc. We can also write this using our table
notation:

X2 = 0 X2 = 1
X1 = 0 0.0 0.25 0.25
X1 = 1 0.25 0.25 0.5
X1 = 2 0.25 0.0 0.25

0.5 0.5

Note that with this table we have also written out the marginal pdf’s of X1 and X2,
which are just the pdf’s of X1 and X2: PX1(x1) = {Pr(X1 = 0) = 0.25, P r(X1 = 1) =
0.5, P r(X1 = 2) = 0.25} and PX2(x2) = {Pr(X2 = 0) = 0.5, P r(X2 = 1) = 0.5}.

Just as we defined conditional probabilities for subsets of a sample space S for which
we have defined a probability function Pr(S), we can similarly define the conditional prob-
abilities of random variables:

Pr(X1|X2) =
Pr(X1 ⇤X2)

Pr(X2)
(19)

such that we have for example:

Pr(X1 = 0|X2 = 1) =
Pr(X1 = 0 ⇤X2 = 1)

Pr(X2 = 1)
=

0.25

0.5
= 0.5 (20)

Note that we can in fact use random variables as a means to define sample space subsets,
so the concept of conditional probability defined for sample spaces and for joint random
variables are interchangeable.

We can similarly define an (interchangeable) concept of independent random variables.
Note that our current X1 and X2 are not independent, since:

Pr(X1 = 0 ⇤X2 = 1) = 0.25 ⇥= Pr(X1 = 0)Pr(X2 = 1) = 0.25 � 0.5 = 0.125 (21)

and for random variables to be independent, all possible combinations of outcomes must
adhere to the definition of independence. To provide an example of random variables that
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The di⇥erences among di⇥erent models in a particular family therefore simply depends
on the specific values of the parameters.

To make this concept more concrete, let first consider the probability model for a dis-
crete random variable that can take only one of two values 0 or 1 (which could represent
‘Heads’ or ‘Tails’ for a coin sample space of ‘one flip’). In this case, our specific probability
model is the Bernoulli distribution, which is a function of a single parameter p:

Pr(X = x|p) = PX(x|p) = px(1� p)1�x (1)

Note that we use a conditional notation, since the specific probability model depends on
the value of the contant, e.g. a ‘fair coin’ probability model is a case where p = 0.5. The
parameter p can take values from [0, 1], so in our parameter notation, we have � = p and
� = [0, 1]. We will often use the following shorthand X ⇤ Bern(p) to indicate a random
variable that has a Bernoulli distribution.

Let’s now introduce a second probability model that we could use to model our ran-
dom variable describing the ‘number of Tails’ for our sample space of ‘two coin flips’
S = {HH,HT, TH, TT}. Recall that this random variable had the following structure:
X(HH) = 0, X(HT ) = 1, X(TH) = 1, X(TT ) = 2. We can simply represent this random
variable as a function of two random variables X1 ⇤ Bern(p) and X2 ⇤ Bern(p) if we set
X = X1 +X2. More generally, we could do this for a sample space for n flips of a coin if
we set X =

⇤n
i=1Xi. In this case, the probability model for X is a binomial distribution:

Pr(X = x|n, p) = PX(x|n, p) =
�
n

x

⇥
px(1� p)n�x (2)

which technically has two parameters (n, p) but we often consider sets of probability models
indexed by p for a specific n, i.e. we only consider the parameter p. For example, in our two
flip case, we have n = 2 and for these two flips, we can define a number of models including
the ‘fair coin’ model p = 0.5. Note that if you are unfamiliar with ‘choose’ notation, it is
defined as follows: �

n

x

⇥
=

n!

x!(n� x)!
(3)

n! = n ⇥ (n� 1) ⇥ (n� 2) ⇥ ... ⇥ 1 (4)

which intuitively accounts for the di⇥erent orderings that lead to the same number of
‘Tails’, e.g. in the two flip case, the ordering HT and TH produce the same number of
Tails. We use the following shorthand for the Binomial distribution: X ⇤ Bin(n, p).

Other important discrete distributions include the Hypergeometric, Geometric, and Pois-
son. We will discuss the former when we consider Fisher’s exact test. While we will not
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Genome-Wide Association Study 
(GWAS)

• For a typical GWAS, we have a phenotype of interest and we do not 
know any causal polymorphisms (loci) that affect this phenotype 
(but we would like to find them!)

• In an “ideal” GWAS experiment, we measure the phenotype and N 
genotypes THROUGHOUT the genome for n independent 
individuals

• To analyze a GWAS, we perform N independent hypothesis tests

• When we reject the null hypothesis, we assume that we have 
located a position in the genome that contains a causal 
polymorphism (not the causal polymorphism!), hence a GWAS is a 
mapping experiment

• This is as far as we can go with a GWAS (!!) such that (often) 
identifying the causal polymorphism requires additional data and or 
follow-up experiments, i.e. GWAS is a starting point



• Resolution - the region of the genome indicated by significant tests for 
a set of correlated markers in a GWAS

• Recall that we often consider a set of contiguous significant markers (a 
“skyscraper” on a Manhattan plot) to indicate the location of a single 
causal polymorphism (although it need not indicate just one!)

• Note that the marker with the most significant p-value within a set is not 
necessarily closest to the causal polymorphism (!!)

• In practice, we often consider a set of markers with highly significant p-
values to span the region where a causal polymorphism is located (but 
this is arbitrary and need not be the case!)

• In general, resolution in a GWAS is limited by the level of LD,  which 
means there is a trade-off between resolution and the ability to map 
causal polymorphisms and that there is a theoretical limit to the 
resolution of a GWAS experiment (what is this limit?) 

Interpreting “hits” from a GWAS 
analysis: measuring LD IV



The Manhattan plot: examples
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Patterns and representing LD
• We often see LD among a set of contiguous markers, using 

either r-squared or D’, with the “triangle, half-correlation 
matrices” where darker squares indicating higher LD (values 
of these statistics, e.g. LD in a “zoom-in” plot:



Measuring LD I
• There are many statistics used to represent LD but we will 

present the two most common

• For the first, define the correlation:

• As a measure of LD, we will consider this squared:

• Note that this is always between one and zero!

H0 : Cov(Xa, Y ) = 0 ⇧ Cov(Xd, Y ) = 0 (35)

HA : Cov(Xa, Y ) ⇤= 0 ⌅ Cov(Xd, Y ) ⇤= 0 (36)

H0 : �a = 0 ⇧ �d = 0 (37)

HA : �a ⇤= 0 ⌅ �d ⇤= 0 (38)

F�statistic = f(�) (39)

�µ = 0,�a = 4,�d = �1,⇥2
� = 1 (40)

�̂�
a = 0, �̂�

d = 0 (41)

�̂�
a = �a, �̂

�
d = �d (42)

Pr(A1, A1) = Pr(A1)Pr(A1) = p2 (43)

Pr(A1, A2) = Pr(A1)Pr(A2) = 2pq (44)

Pr(A2, A2) = Pr(A2)Pr(A2) = q2 (45)

⇥ (Corr(Xa,A, Xa,B) = 0) ⇧ (Corr(Xa,A, Xd,B) = 0) (46)

⇧(Corr(Xd,A, Xa,B) = 0) ⇧ (Corr(Xd,A, Xd,B) = 0) (47)

⇥ (Corr(Xa,A, Xa,B) ⇤= 0) ⌅ (Corr(Xa,A, Xd,B) ⇤= 0) (48)

⌅(Corr(Xd,A, Xa,B) ⇤= 0) ⌅ (Corr(Xd,A, Xd,B) ⇤= 0) (49)

Pr(AiBk, AjBl) = Pr(AiAj)Pr(BkBl) (50)

Pr(AiBk, AjBl) = Pr(AiBk)Pr(AjBl) (51)

= Pr(Ai)Pr(Aj)Pr(Bk)Pr(Bl) = Pr(AiAj)Pr(BkBl) (52)

XAi : XAi(A1) = 1, XAi(A2) = 0 (53)

XBj : XBj (B1) = 1, XBi(B2) = 0 (54)

r =
Pr(Ai, Bk)� Pr(Ai)Pr(Bk)�

Pr(Ai)(1� Pr(Ai)
�
Pr(Bk)(1� Pr(Bk)

(55)

r2 =
(Pr(Ai, Bk)� Pr(Ai)Pr(Bk))2

(Pr(Ai)(1� Pr(Ai))(Pr(Bk)(1� Pr(Bk))
(56)

D = Pr(Ai, Bk)� Pr(Ai)Pr(Bk) (57)

D� =
D

min(Pr(A1B2), P r(A2, B1))
ifD > 0 (58)

D� =
D

min(Pr(A1B1), P r(A2, B2))
ifD < 0 (59)
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Measuring LD II

• A “problem” with r-squared is that when the MAF of A or B 
is small, this statistic is small

• For the second measure of LD, we will define a measure D’ 
that is not as dependent on MAF:

• Note that this is always between -1 and 1 (!!)
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That’s it for today

• Next lecture (Thurs, March 23), we will continue our discussion of 
GWAS!


